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1.Balanced Triple

V: Q(q)-vector space (q : indeterminate)
A=Qlg,q7"]

Ao ={f/g € Q(q)| f/g is regular at 0}
A ={f/g € Q(q)| f/g is regular at oo}
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1.Balanced Triple

V: Q(q)-vector space (q : indeterminate)
A=Qlg,q7"]

Ao ={f/g € Q(q)| f/g is regular at 0}
A ={f/g € Q(q)| f/g is regular at oo}

Let
VA .= A-lattice of V.

VAo .= | = Ay-lattice of V,

VAco = | = A, -lattice of V.
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Definition Let
E=VANLnLly.

Then (VA L, L) is a balanced triple for V if
(1} A@Q E = VA,

Q@ Ay®g E=L,
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Definition Let
E=VANLnLly.

Then (VA L, L) is a balanced triple for V if
(1} A@Q E = VA,
Q@ Ay®g E=L,
© Aoo ®@ E = Loo-

Note Q(q)®qg E=V.
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Proposition The following are equivalent.

@ (VA L, Ly) is a balanced triple.
@ E — L/qgL is an isomorphism.

©@ E — Lo/q Ly is an isomorphism.
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Proposition The following are equivalent.

@ (VA L, Ly) is a balanced triple.
@ E — L/qgL is an isomorphism.

©@ E — Lo/q Ly is an isomorphism.

Definition Suppose (V4, L, L) is a balanced triple for V, and
let
G:L/qgL— E

be the inverse of E = L/qL.

© A Q-basis B of L/qL is called a local basis of V at g = 0.

@ In this case, G(B) is called the global basis of V
corresponding to B.
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E=VANLNL, =— L/gL

G(B) B
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2.Quantum Groups

(A, PV,1Y, P, M) : Cartan Datum
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2.Quantum Groups

(A, PV,1Y, P, M) : Cartan Datum

A= (a,-j),-’jel such that
a; = 2 vI'EI, a,-ng e a,-j:O@aj,-:O
5D = diag(s; € Z-g|i € 1) s.t. DA is symmetric
( symmetrizable generalized Cartan matrix )
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2.Quantum Groups

(A, PV,1Y, P, M) : Cartan Datum

A= (a,-j),-’jel such that
a; = 2 vI'EI, aj <0 e aj =0 a;=0
5D = diag(s; € Z-g|i € 1) s.t. DA is symmetric
( symmetrizable generalized Cartan matrix )
PV = a free abelian group generated by

{hili e I} U{ds|s =1, .., |I| — rankA}
( dual weight lattice )
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2.Quantum Groups

(A, PV,1Y, P, M) : Cartan Datum

A= (a,-j),-’jel such that
a; = 2 vI'EI, aj <0 e aj =0 a;=0
5D = diag(s; € Z-g|i € 1) s.t. DA is symmetric
( symmetrizable generalized Cartan matrix )
PV = a free abelian group generated by
{hili e I} U{ds|s =1, .., |I| — rankA}
( dual weight lattice )
MY = {h;|i €I} (simple coroots )
P={Xebh*|\N(PY) CZ}, where h =C®yP"
( weight lattice )
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2.Quantum Groups

(A, PV,1Y, P, M) : Cartan Datum

A= (a,-j),-’jel such that
a; = 2 vI'EI, aj <0 e aj =0 a;=0
5D = diag(s; € Z-g|i € 1) s.t. DA is symmetric
( symmetrizable generalized Cartan matrix )
PV = a free abelian group generated by
{hili e I} U{ds|s =1, .., |I| — rankA}
( dual weight lattice )
MY = {h;|i €I} (simple coroots )
P={Xebh*|\N(PY) CZ}, where h =C®yP"
( weight lattice )
1= {Oz,' c f)*‘l c I}, where Ozj(h,') — ajj, Ozj(ds) =0 or 1
( simple roots )
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Definition (Kac, Moody 1968)

g = Kac-Moody algebra associated with (A, PV, 1Y, P, )
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Definition (Kac, Moody 1968)

g = Kac-Moody algebra associated with (A, PV, 1Y, P, )
= Lie algebra over C generated by ¢;, fi(i € I),h € PY
with defining relations

) [h,W]=0 for hyh' € PY
i) Lei fi] = dijhi
i)
)

:h, e,-] — Oz,'(h)e,', [ h, f,] — —le,'(h)f,' for h e PV
(ade,-)l_a"f(ej) — (adf,-)l_a"f(lj-) =0 fori#j

Y
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© finite dimensional simple Lie algebras

g = sl(n+ 1,C)(type As), sp(2n,C)(type Cy,), . ..
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© finite dimensional simple Lie algebras
g = sl(n+1,C)(type Ay), sp(2n,C)(type Cp), ...

@ affine Kac-Moody algebras

¢ untwisted affine algebras :

g~C[t,t ] ®go® Cca Cd
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© finite dimensional simple Lie algebras
g = sl(n+1,C)(type Ay), sp(2n,C)(type Cp), ...

@ affine Kac-Moody algebras

¢ untwisted affine algebras :
g~C[t,t ] ®go® Cca Cd
¢ twisted affine algebras :

g= (tj & go’j(s; r)) ® Cc @ Cd,

where gg = @go,j(s; r) is the gradation associated to

j
an automorphism o, of type (s;r).
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© finite dimensional simple Lie algebras
g = sl(n+1,C)(type Ay), sp(2n,C)(type Cp), ...

@ affine Kac-Moody algebras

¢ untwisted affine algebras :
g~C[t,t ] ®go® Cca Cd
¢ twisted affine algebras :

g= (tj & go’j(s; r)) ® Cc @ Cd,

where gg = @go,j(s; r) is the gradation associated to

j
an automorphism o, of type (s;r).

© Kac-Moody algebras of indefinite type
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Oint = the category consists of g-modules M such that
) M =D M, where My = {v e Mlhv =A(h)v "he PV},
AeP

i) A1, X2, ..., As € P such that

S

wt(M) C [ (i — Q)

=1

where Q_|_ L= ZIE,ZZ()CK,',
iii) all ¢ and f;(i € I) are locally nilpotent on M.
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Oint = the category consists of g-modules M such that
) M =D M, where My = {v e Mlhv =A(h)v "he PV},
AeP

i) A1, X2, ..., As € P such that

S

wt(M) C [ (i — Q)

=1

where Q_|_ L= ZIE,ZZ()CK,',
iii) all ¢ and f;(i € I) are locally nilpotent on M.

The character of a weight module M is

chM =) "(dim¢ My)et.
7



Crystal Bases
0000000000000 00000000000

Crystal Bases

Theorem Let V/(\) be the irreducible height weight
U(g)-module with height weight A € h*. Set

Pt ={NeP|Xhj) €Z>y forallicl}.
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Theorem Let V/(\) be the irreducible height weight
U(g)-module with height weight A € h*. Set

Pt ={NeP|Xhj) €Z>y forallicl}.

@ V()\) €Oy if and only if A € PT.
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Theorem Let V/(\) be the irreducible height weight
U(g)-module with height weight A € h*. Set

Pt ={NeP|Xhj) €Z>y forallicl}.

@ V()\) €Oy if and only if A € PT.

@ Every irreducible module in Ojy; is isomorphic to V() for
some \ € PT.
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Theorem Let V/(\) be the irreducible height weight
U(g)-module with height weight A € h*. Set

Pt ={NeP|Xhj) €Z>y forallicl}.

@ V()\) €Oy if and only if A € PT.

@ Every irreducible module in Ojy; is isomorphic to V() for
some \ € PT.

© O, is semisimple.
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Definition

Ug(g) = quantum group associated with (A, PY, 1Y, P, )
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Definition

Ug(g) = quantum group associated with (A, PY, 1Y, P, )

= associative algebra over C(q) generated by
ei, f; (i €1),q" (h € P") with defining relations :

) ¢° =1, ghg" =g"*t"  for h,W € PV
i) q"eiq" = q“Mei, ¢"fig™" = g~ for he PY
Ki— K1
i) eifj — fie; = 0 — fori,jel
di — q;
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1—a,-j — -

v) Y (1)K 1_ka’f e T eek =0 fori#j
k=0 - - qi
1 a,-j _1 -

OSSR BT =0 fori £
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1—a,-j

1—a,-j

Here, q; = ¢* and K; = ¢/ and [n], =

o

v) > (—1)*
k=0 -

L

v) ) (=1
k=0 -

ajj

ajj

- qi

1 qj

eil_a"j_keje,!‘ =0 fori#j
1—a;—k ] )
fo UG =0 for i
q" —q "
qg—q1

[n]q!

ot = [laln ~ o [2Dltler (7] = e
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Definition

O

Int
) M7 =P My, where
AEP
MY = {v e MI|q"v =g*Mv Yhe PV},
i) A1, X2, ..., As € P such that
S

wt(M9) (N — @),

=1

= the category consists of Ug(g)-modules M9 such that

iii) all ¢ and f;(i € I) are locally nilpotent on M9.
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Definition

O

Int
) M7 =P My, where
AEP
MY = {v e MI|q"v =g*Mv Yhe PV},
i) A1, X2, ..., As € P such that

= the category consists of Ug(g)-modules M9 such that

wt(M9) (N — @),
=1

iii) all ¢ and f;(i € I) are locally nilpotent on M9.

The character of a weight module M9 is

chM? = “(dim¢e MJ)e.
7
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Theorem Let V9(\) be the irreducible height weight
Uq(g)-module with height weight A € h*.
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Theorem Let V9(\) be the irreducible height weight
Uq(g)-module with height weight A € h*.

Q@ VIi(\\) e Of

int

if and only if A\ € PT.
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Theorem Let V9(\) be the irreducible height weight
Uq(g)-module with height weight A € h*.

@ VI(\) € O ifandonlyif A € PT.
@ Every irreducible module in O _is isomorphic to VI(\) for

some \ € PT.
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Theorem Let V9(\) be the irreducible height weight
Uq(g)-module with height weight A € h*.

@ VI e O/ ifandonlyif A e PT.

int

@ Every irreducible module in O _is isomorphic to VI(\) for
some \ € PT.

Is semisimple.

o O/

int
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Crystal Bases

Theorem (Drinfeld 1985, Jimbo 1985, Lusztig 1990, ...)

o
Ugs(g) — U(g) asqg—1
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Theorem (Drinfeld 1985, Jimbo 1985, Lusztig 1990, ...)

o
Ugs(g) — U(g) asqg—1

repns of Ug(g) q=1 repns of U(g)
In Oq In Oint

int
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Problem \We wish to compute the character of M because

© chM is the 1st clue to understand the structure of M.
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© chM = algebraic invariant of M.
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© chM is the 1st clue to understand the structure of M.
© chM = algebraic invariant of M.

© chM stands for interesting and important mathematical
quantities
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Problem \We wish to compute the character of M because

© chM is the 1st clue to understand the structure of M.
© chM = algebraic invariant of M.

© chM stands for interesting and important mathematical
quantities ; e.g.,

symmetric functions (combinatorics),
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Problem \We wish to compute the character of M because

© chM is the 1st clue to understand the structure of M.
© chM = algebraic invariant of M.

© chM stands for interesting and important mathematical
quantities ; e.g.,

symmetric functions (combinatorics),

modular forms (number theory),
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Problem \We wish to compute the character of M because

© chM is the 1st clue to understand the structure of M.
© chM = algebraic invariant of M.

© chM stands for interesting and important mathematical
quantities ; e.g.,

symmetric functions (combinatorics),
modular forms (number theory),

1-point functions (mathematical physics), etc.
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chM = chM* Vq : generic
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chM = chM* Vq : generic

Question When is it simple?
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chM = chM* Vq : generic

Question When is it simple?

g=01
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3.Crystal Bases

M e OF

int’

| €1

— Every u € M\(X € P) has an i-string decomposition :
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3.Crystal Bases

M e OF

int’

| €1

— Every u € M\(X € P) has an i-string decomposition :

Define the Kashiwara operator ¢;, f; :

eiu = Z fi(k_l)uk

k>1

S
!

I\/m\ §
: g
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Definition M ¢ OF

int

A crystal basis of M is a pair (L, B), where

) Lisa free Ag - submodule of Mst. Q(q)&®, L=M
B= Q-basis of L/qL = Q®), L

L=®,plr, Ly=LNM,

gLcl, fiLcL Yiel

B =|l|ycpBr, where By=Bn(Ly/qL))

&B C BU{0},fBCc BU{0} foralliel

Vb,b € B, fib=b <= b=2§&b

1V

<
~— — — — — —
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Definition M ¢ OF

int

A crystal basis of M is a pair (L, B), where
) Lisa free Ag - submodule of Mst. Q(q)&®, L=M

i) B= Q-basis of L/qgL. =2 Q®,, L

i) L=@,cpln, Ly=LNM,

v) &Lcl, fLcl Yiel

v) B=|]ycp Bn, where By = BN (Ly/qly)
vi) &B c BU{0},;BC BU{0} forall i €1
vii) Vb,b € B, fib=b <= b=&b

Define b 5 b’ <= fib= b/
— (B, i-arrows) : crystal graph of M
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Crystal Bases

Definition M ¢ OF

int

A crystal basis of M is a pair (L, B), where

) Lisa free Ag - submodule of Mst. Q(q)&®, L=M
B= Q-basis of L/qL = Q®), L
L:@)\EPLN Ly =LN M,

)
)
v) &Lcl, fLcl Yiel
v) B=|]ycp Bn, where By = BN (Ly/qly)
)
)

VI

&B C BU{0},F,BC BU{0} forallicl
Vb,b € B, fb=b < b=2§&b

Vil

Define b 5 b’ <= fib= b/
— (B, i-arrows) : crystal graph of M

Remark “Most of”’ combinatorial features of M are reflected on
its crystal graph B, e.g., dimgq) M\ = #B,.
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V(M) = Ug(g)vy : irreducible highest weight U,(g)-module
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V(M) = Ug(g)vy : irreducible highest weight U,(g)-module

Ua(g) = A-subalgebra of Uy(g) generated by e,-("), fi("), q".

{Kii—"}qi for i€ l,m n¢& Z>q. Here,

X B 1 ﬁ qu—k . X—lq—1+k
tl  [t]g! '
q 1

—1

i
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V(M) = Ug(g)vy : irreducible highest weight U,(g)-module

Ua(g) = A-subalgebra of Uy(g) generated by e,-("), fi("), q".

{Kii—"}qi for i€ l,m n¢& Z>q. Here,

k -1 —1+4+k

{i}q ) [t]lq,-! 1

—1
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V(M) = Ug(g)vy : irreducible highest weight U,(g)-module

Ua(g) = A-subalgebra of Uy(g) generated by e,-("), fi(n), q".

{Kii—"}qi for i€ l,m n¢& Z>q. Here,

k -1 —1+4+k

t 1—
{x} _ 1 H xqgt % — x"1g
t q [t]qi! qi — qi_l

i k=1

VA(A) = Ua(g)va

Let
def

L(A) = a free Ag-submodule of V9(\) spanned by
foFovs(r>0,ix €1),

~

B\ & {f...fvy+ql(\)|r>0,ix € TN{O} € L(\)/qL()).
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— : Ug(g) — Uq(g) is the Q-algebra automorphism defined by

G=q ', g=e, i=f gh=q " (heP',icl).
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— : Ug(g) — Uq(g) is the Q-algebra automorphism defined by

G=q ', g=e, i=f gh=q " (heP',icl).

Define — : V(\) — V() by

uvy = uvy foru € Ugy(g).
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— : Ug(g) — Uq(g) is the Q-algebra automorphism defined by

G=q ', g=e, i=f gh=q " (heP',icl).

Define — : V(\) — V() by

uvy = uvy foru € Ugy(g).

Let L(A) = {7V | v € L(M\)}.
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— : Ug(g) — Uq(g) is the Q-algebra automorphism defined by

G=q ', g=e, i=f gh=q " (heP',icl).

Define — : V(\) — V() by

uvy = uvy foru € Ugy(g).

Let L(A) = {7V | v € L(M\)}.

Theorem ( Kashiwara 1991, cf. Lusztig 1990 )

@ (VA(N\),L(X\),L(N)) is a balanced triple of V/())
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— : Ug(g) — Uq(g) is the Q-algebra automorphism defined by

G=q ', §=e, fi=f, gh=qg " (heP',icl).

Define — : V(\) — V() by

uvy = uvy foru € Ugy(g).

Let L(A) = {7V | v € L(M\)}.

Theorem ( Kashiwara 1991, cf. Lusztig 1990 )

@ (VA(N),L(\),L(N\)) is a balanced triple of V/())
@ (L(M),B()\)) is a crystal basis of V()
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Recall

o/ |1

E = VAN L) N L L(N)/qL(\)

>~
N—"

G()\) B()\)
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Definition  G()\) = global basis or canonical basis of V()
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Definition  G()\) = global basis or canonical basis of V()

Problem

© How to realize B(\)?
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Definition  G()\) = global basis or canonical basis of V()

Problem

© How to realize B(\)?

@ How to construct G(\)?
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Example
© Kashiwara-Nakashima (1994)
g = An—l = 5[n

A € Pt ~s \ = partition of n

B()\) = {semistandard tableaux of shape \}
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Example
© Kashiwara-Nakashima (1994)
g = An—l = 5[n

A € Pt ~s \ = partition of n

B()\) = {semistandard tableaux of shape \}
@ Kashiwara-Saito, Saito (1997, 2002)

B(\) = {irreducible components of certain Lagrangian
subvarieties of Nakajima's quiver varieties}
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Crystal Bases

Example
© Kashiwara-Nakashima (1994)
g = An—l = 5[n

A € Pt ~s \ = partition of n

B()\) = {semistandard tableaux of shape \}
@ Kashiwara-Saito, Saito (1997, 2002)

B(\) = {irreducible components of certain Lagrangian
subvarieties of Nakajima's quiver varieties}

© Lusztig (1990)

G(A) = {simple perverse sheaves}
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For generalized Kac-Moody algebras,

@ K.-Schiffmann (2006)

G(o0) = {semisimple perverse sheaves}
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For generalized Kac-Moody algebras,

@ K.-Schiffmann (2006)

G(o0) = {semisimple perverse sheaves}

@ K.-Kashiwara-Schiffmann (2009)

B(oco) = {irreducible components of certain Lagrangian
subvarieties in the representation space of a quiver}
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Uqg(g) : quantum affine algebra associated with
(A, PV, NV, P, M) (affine Cartan datum)
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4 Perfect Crystals

Uqg(g) : quantum affine algebra associated with
(A, PV, NV, P, M) (affine Cartan datum)

Let

Pf={reP|{cN)=0 Ah)=0"iel}

where c is the canonical central element.
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Perfect Crystals

4 Perfect Crystals

Uqg(g) : quantum affine algebra associated with
(A, PV, NV, P, M) (affine Cartan datum)

Let

P=7Ny®ZN & ... 5 ZNA,,
PFr={XAeP|{c,\)=¢ Xh)>0"iel}
where c is the canonical central element.
Uy (g) = (ei, fi, K=!i € 1) C Uy(g) : quantum affine algebra
associated with (A, PV, MY, P, M) (classical Cartan datum)
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For an element b in a finite U, (g)-crystal B,

e(b) := Ze;(b)/\;, ©o(b) = ng;(b)/\;.
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Perfect Crystals

For an element b in a finite U, (g)-crystal B,
e(b) := Ze;(b)/\;, o(b) = ng;(b)/\;.

Definition A finite U(g)-crystal B is a perfect crystal of level
¢>0if

©® B X B is connected,
@ )\ € P such that

(B) C >\0 + — ZZ<OaI7 #(B)\o) — 7
1750
@ (c,e(b))>¢ "beB,
©Q for each )\ € I_DZr there exist unique b*, by € B such that

e(bY) = A = p(by)
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Example
Qg :Agl)
B: 1 S 2 2. 3 perfect
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Example
Og:Agl)
B: 1 S 2 2. 3 perfect
W
99:8§1)
B:
0
a———’l—fi_ _\——_\—\‘___
1 2 3 3 — 2 = 1 =
N el - Dinmmilt e I i - i perfect
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Q g= Cz(l)

1 2 — 1 =
o B: 1| 2|2 —* 1 not perfect
U
0

pM = 2] |1
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e B — perfect
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Perfect Crystals

Theorem ((KMN)? 1992)

B(A) =~ B(e(by)) @ B,

U)\ = u&“(b)\) @ b)u

where by is the unique element of B such that p(by) = A



Perfect Crystals
00000@0000

Perfect Crystals

Path realization
B()\) ~ B()\1)®B ~ B(A2)®B®B ~ ...
Uy — Uy, ® bg —> U)\2®b1®bo — ...

A=A, bp= by, ,

Akl = 6(b)\k)’ brt+1 = b>\k+1 (k > O)
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Perfect Crystals

pr = (bk)k>0 = - @ b1 ® by ® ... ® by (ground-state path)
p = (px)k>0 is a A-path in B if px € B, px = by Vk >0

P(N\) = { A-paths }
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Perfect Crystals

pr = (bk)k>0 = - @ b1 ® by ® ... ® by (ground-state path)
p = (px)k>0 is a A-path in B if px € B, px = by Vk >0

P(N\) = { A-paths }

Theorem ( (KMN)? 1992)

o P(N\) ~ B()\)
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Perfect Crystals

pr = (bk)k>0 = - @ b1 ® by ® ... ® by (ground-state path)
p = (px)k>0 is a A-path in B if px € B, px = by Vk >0

P(N\) = { A-paths }

Theorem ( (KMN)? 1992)
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Example g = Agl)

(...120120)
in
(...120121)

s X
(...120122) (...120101)
X Vs
(...120102) (...120201)

0 0
1 2

(...120202) (...120112) (...121201) (...120100)
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Example g = Bél)

(...111111)
lﬂ

(...111112)
12

(...171113)

P i
(...111123) (...111110)
3 l 1 13
(...111720) (...111113)

M
o
/

(...111730) (...111123) (...111112)
0 13 12 ln 1
| _
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Application to physics

The theory of vertex modules can be explained in the language of
quantum affine algebra and crystal bases.

In particular,

string function
chV ()

1-point function =

(probability for a configuration)
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Young Walls

5.Young Walls

Let g =AY A = A,

n—1>

Y = colored Young Diagram on Ag

- |1
F i 1
.ri-llﬂl
] } } |
[.]. |[m=1
| ! |

!:-;.;.,

| = |
o |1 |2

.|:i?!

+—t—
. n=1]0 |1

T T I 1
| . J=2n-1|0 |
==
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Young Walls

5.Young Walls

Let g =AY A = A,

n—1>

Y = colored Young Diagram on Ag

R | 1
I i 1

{1 O
—t | |
|- |- 1]

Booos R

lo |1 [2 | I

I T T
.om=1]0 (1

T T I 1
| . J=2n-1|0 |
==
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Young Walls

5.Young Walls

Let g =AY A = A,

n—1>

Y = colored Young Diagram on Ag

.rri-I:ﬂI
R IS —
. |- [v1] o g
I r I 1 | | [
z1.1.| ) . | .
2] {-1 cf | 1
.|:|?!. |
| | 1 1 " - ¥ - "
' lo [1 |2 | I
. (97| L L 1 I |
| ' 1 13 i 1
. =10 |1

T T I 1
| . J=2n-1|0 |
==
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Young Walls

5.Young Walls

Let g =AY A = A,

n—1>

Y = colored Young Diagram on Ag

— irri-liilﬂl

[ ] o |

| i ! | | ] [ e _.-"H,_-.:I
EREEAE cf) | ] (}/

I.I:i?i.l

o [1 |2 | I . v

I T T
.om=1]0 (1

T T I 1
| . J=2n-1|0 |
==




Young Walls
000000000000 OOOOOOOOO0OOOO000

Young Walls

5.Young Walls

Let g =AY A = A,

n—1>

Y = colored Young Diagram on Ag

Y is n-reduced if {1 — 4 <n Yk >0 e,

n-reduced <+<—
n> -«
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Young Walls

Let

Z(Ng) = { colored Young diagrams on Ay},
Y(Nog) = { n-reduced Young diagrams on Ag},

F(h)= P Qq)Y.

YEZ(No)
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Young Walls

Let

Z(Ng) = { colored Young diagrams on Ay},
Y(Nog) = { n-reduced Young diagrams on Ag},

F(h)= P Qq)Y.

YEZ(No)

Theorem (Misra-Miwa 1990)

Q@ Z(N\g) is a Uq(Afvl_)l)—crystaI.
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Young Walls

Let

Z(Ng) = { colored Young diagrams on Ay},
Y(Nog) = { n-reduced Young diagrams on Ag},

F(h)= P Qq)Y.

YEZ(No)

Theorem (Misra-Miwa 1990)

Q@ Z(N\g) is a Uq(Afvl_)l)—crystaI.
Q@ YV(No) = B(N\o).
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Young Walls

Let

Z(Ng) = { colored Young diagrams on Ay},
Y(Nog) = { n-reduced Young diagrams on Ag},

F(h)= P Qq)Y.

YEZ(No)

Theorem (Misra-Miwa 1990)

Q@ Z(N\g) is a Uq(Afvl_)l)-crystaI.
(2 ) y(/\o) = B(/\o)
Q@ F(Ng) is a Uq(A,gl_)l)—module in OF

Iint-
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Young Walls

Example The crystal J(Ag) for Agl)

K
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L e gt
F Hl“‘&
- N
|1] =T
== 2 |_|
) | ¥ (el
\'-\. J_r{
\ 2 L /
."-1_ ;I_,-'
1 g
xxx 1 i
210 |T| 2 |
0 __.'--2‘.','_1 ()
- 7 = e 3

0 0

U|
|
— —

I

= | -

L
—

=
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Young Walls

Note Hp(() : Hecke algebra of type A with (" = 1.

= { irreducible Hy(()-modules}

= {DY| Y : n-reduced Young diagrams with N boxes}
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Young Walls

Y € Y(No): n-reduced Young diagram.
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Young Walls

Y € Y(No): n-reduced Young diagram.

Lascoux-Leclerc-Thibon (1996)

(i) found an algorithm of computing

GY)=Y+ )  Kyyl(q)Y,
Y'eZ(No),Y'qY
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Young Walls

Y € Y(No): n-reduced Young diagram.

Lascoux-Leclerc-Thibon (1996)

(i) found an algorithm of computing

GY)=Y+ )  Kyyl(q)Y,
Y'eZ(No),Y'qY

(ii) conjectured

[SY/ : DY] — Ky,y/(].).
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Young Walls

Y € Y(No): n-reduced Young diagram.

Lascoux-Leclerc-Thibon (1996)

(i) found an algorithm of computing

GY)=Y+ )  Kyyl(q)Y,
Y'eZ(No),Y'qY

(ii) conjectured

[SY/ : DY] — Ky,y/(].).

Ariki (1996) proved (ii).
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Young Walls

ALY Hn(¢),¢" =1

Z : Young diagram S4 : Specht module

Y : n-reduced DY :irreducible module
Y(No) = B(Ao) D Ko(Hn(<))
N=0

F(No), LLT [S4: DY] = Ky z(1)
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Young Walls

Actually, Ariki proved more:

B(Ao) = EBKO(HN(C))
B(A) = Ko(Hu(¢))
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Young Walls

Question How to generalize this picture to other quantum
affine algebras?
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Young Walls

Question How to generalize this picture to other quantum
affine algebras?

Answer g: classical quantum affine algebras, A = level 1

= LHS is completed.



Young Walls
000000000000 OOOOOOOO0OOOO000

Young Walls

Question How to generalize this picture to other quantum
affine algebras?

Answer g: classical quantum affine algebras, A = level 1

= LHS is completed.

idea: LEGO + Tetris !
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Young Walls

n“ 1 2 I °9° |n.1 Ig
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n N n n = = = z
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=1 {mn=1}|n1|n-1
ri—1 n-1 ri-1 ni-1 -1
- H i - : : . . .
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B L] ] ] ]
L z 2 2
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1 i 1 i)
L1} | 0 1 ] I ] o
1 1] 1 fl 1
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Young Walls

ground-state wall:
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Young Walls

ground-state wall:

@ T (T ot
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Young Walls

Definition

@ A Young wall is a wall built on the ground-state wall Y,
following the given patterns.
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Young Walls

Definition

@ A Young wall is a wall built on the ground-state wall Y,
following the given patterns.

@ full column = integral height + top with unit thickness.
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Young Walls

Definition
O A Young wall is a wall built on the ground-state wall Y
following the given patterns.
@ full column = integral height + top with unit thickness.

© o-column = one cycle of pattern.
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Young Walls

Definition
O A Young wall is a wall built on the ground-state wall Y
following the given patterns.
@ full column = integral height + top with unit thickness.
© o-column = one cycle of pattern.

©Q A Young wall is proper if 9 no full columns of equal height.
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Young Walls

Definition
© A Young wall is a wall built on the ground-state wall Y,
following the given patterns.
@ full column = integral height + top with unit thickness.
© J-column = one cycle of pattern.
©Q A Young wall is proper if 9 no full columns of equal height.

© A column y is a removable o-column if the Young wall
obtained by removing a d-column from y is still proper.
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Young Walls

Definition

O A Young wall is a wall built on the ground-state wall Y
following the given patterns.
full column = integral height + top with unit thickness.
0-column = one cycle of pattern.

A Young wall is proper if 4 no full columns of equal height.

© 6 0 o

A column y is a removable d-column if the Young wall
obtained by removing a d-column from y is still proper.

o

A proper Young wall Y is reduced if 4 no removable d-column.
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Young Walls

Example g = Bél)

2
0,710

M sl mo

2
J
3
2

Mo IS ™

|
1L~0 1 L~0 1

not a Young wall
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Young Walls

Example g = Bél)

3
tn? 2 | =
0 011
11 16191
2|1 2|7 2 2| 2
g1l 3193 3
9!l 313 % 3 %
2|12 | 2|2 2|1 21 2
10101 0 %A1 0191 094
not a Young wall proper

not reduced
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Young Walls

Example g = Bél)

3 I

t.? 2|2 ?

0 0_-T1 [0_~T1_7]0

1L {1619 o1

g g g 2|1 2)|2 2|l 2|2

T 1 313 3 3313

3133 3 1 313 d | 31 J]J] 3

21212]2 2| 2|2 2 | 2| 2|22

011770

1[0 2410104 % 1% 1)461%1 46 %1

not a Young wall proper proper

not reduced reduced
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Young Walls

Crystal Structure A= N

removable

removable —> — — —
admissible
admissible —> + ., + +

Y = removable & admissible — — +
= cancel (+—=) — pair = (- .. —T—T+... + )
- 3

&Y =Y /|i]atx, FY =Y [0 at «,
ei(Y) = # of —’s, pi(Y) = # of +'s,
Wt(Y) = N\g — Z?:O kia,

where k; is the number of /-colored blocks in Y.
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Young Walls

Example

n=]
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F .? z .
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i (] [ [ ¥
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2 z ¢ 4 b
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Young Walls

Example
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Young Walls

Example

=]

[

[

L]

a

i

1} 1

Fi Fa

L] L}

| | n

L] L]
n=1| m=1

n n i1

n n (] n 3]
f=1 | A=1 | A=1 | A=1| n=l
i ] ] ] [}
[ ] | ] | | | | [ ]
] | | | | | ]
& - & & &
L] ]
1 L1 1 0 1
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Young Walls

Example

I
n=1 =1 n-1
[ ] | | L]
¥ L | L]
I " L]
2 2 <
i n 1]
n | 1} | LI} 1
Fi Fid i i F 7 7
[] I 'E” L] 1 n i ]
L] [ Ll | — [ ] L]
. - e " . i W
n=1 | m=1 n=1 | n=| =1 | n=1
o -
1] ] L] n ] n n Il
L] n n n n [l 1] 1] n n n n n n I
=1 | a=1 | a=1 ]| Aa=1 | n=1 fi=1 | n=1 | A=1| =1 | n=1 m=llmn=11nmn=1|m=1|m=1
1 ] ] [] ] [] [] (] 1 ] " ™ " M M
] " L1 L] ] L] L L L . L] L] L] ] L]
1 [ L] ] L] L] L L L L (] [] [] ] []
. "4 s & i g & 2 & . 2 7 7 7 7
i L] | i 1] ] n ]
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Young Walls

o = B0 A2, A2 O,
A€ Pt level 1

Z(A) = { Young walls on \}

Y(A) = { reduced Young walls on A}
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Young Walls

o = B0 A2, A2 O,
A€ Pt level 1

Z(A) = { Young walls on \}

Y(A) = { reduced Young walls on A}

Theorem (K. 2003)

Q@ Z())is a Ugy(g)-crystal.
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Young Walls

o = B0 A2, A2 O,
A€ Pt level 1

Z(A) = { Young walls on \}

Y(A) = { reduced Young walls on A}

Theorem (K. 2003)

Q@ Z())is a Ugy(g)-crystal.
@ Y()A) = Conn(0) = B(A).
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Young Walls

Example The crystal V(Ag) for B§1)

]

P-d Frifdl B2

AN
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Young Walls

Define the actions of €;, f; (i € 1) on

FN) = P Q9)Z

ZeZ(N)
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Young Walls

"\
¥ = we) | == Y /b= T Yelt)
Yi(b) Yi(b)
Define by
Y= > gy ),

b: removable i-blocks

where R,'(b; Y) = QO,'(YR(b)) — 8,’(YR(b)).
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Young Walls

Y = - Ya(b) = Y /b= 0

Define
fiy=" Y ¢" (v )

b: admissible i-slots

where L,'(b; Y) = gpi(YL(b)) — 8,‘(YL(b)).
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Young Walls

Typell g —

Y : Young wall, b : removable /-block

If the /-signature of b = —— or —,

= Y " b := Young wall obtained by removing b from Y.

If the /-signature of b = —+, then
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Young Walls

b\ {(b) _,_
Y = = TT1 Ye(b) [:—> Y / b -— (1_{_(;’:}‘-(};]_]] i _,—::m
Define

Y= Y Gy ),

b: removable i-blocks

where R,'(b; Y) = gO,(YR(b)) — 8,(YR(b))
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Young Walls

Y : Young wall, b : admissible /-slot

If the i-signature of b = +4 or +,
= Y b := Young wall obtained by adding an i/-block at b.

If the i-signature of b = —+, then
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Young Walls

b
((b) 3’ _,_

Y: l r:E.“ => Y/b _|:1 ql.]{b'}]]).< 4rm£;

Define
fiy=" Y ¢y ),

b: admissible i-slots

where L,'(b; Y) = gO,(YL(b)) — 8,(YL(b))
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Young Walls

-— .y

Type , — IZE
Y : Young wall, b : removable /-block
Define

= Y " b := Young wall obtained by removing b from Y.
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Young Walls

-— .y

Type lll ; — |7E

Y : Young wall, b : removable /-block

Define

= Y " b := Young wall obtained by removing b from Y.

Consider the following block, called a virtually removable i-block:
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Young Walls

—

Y 2 b= (—q)"¥% |

or : or

P

Y: 717'7'%7 Ye(b) | / = (—q;)r{b}x

((b)

Define
&Y = 3 g "y 7 b),

b: (virtual) removable i-blocks

where R,'(b; Y) = gO,(YR(b)) — 8,(YR(b))
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Young Walls

Y : Young wall, b : admissible /-slot

Define

= Y  b:= Young wall obtained by adding an i-block at b.
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Young Walls

Y : Young wall, b : admissible /-slot

Define

= Y  b:= Young wall obtained by adding an i-block at b.

Consider the following slot, called a virtually admissible i-slot:
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Young Walls

\ ses oz H(B)
Y /b= (-q
v = v (i)
or
Y b= (-a) O WJ
=

=Y o),

b: (virtual) admissible i-slots

where L,'(b; Y) = gD,(YL(b)) — 8,(YL(b))
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Young Walls

Theorem(K., J.-H. Kwon 2008)

@ F()) is a Ug(g)-module in o7

int-
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Young Walls

Theorem(K., J.-H. Kwon 2008)

@ F()) is a Ug(g)-module in o7

int-

@ Given Y € Y()A), we found an algorithm of computing

G(Y) =Y + Z Ky’y/(q) Y’
Y'eZ(No),Y'QY
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Young Walls

Uq(9) A=?
Z : Young wall ?
Y : reduced 7

YN = B()) ?
F(N), LLT ?
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Young Walls

Problem Categorification of Ug(g) and V() !
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Young Walls

Problem Categorification of Ug(g) and V() !

That is, given g and A € P,
we would like to construct :

© a graded Hecke algebra H = @ Hpy
N=0

s.t. i) Ko(H) = Uy (g), i) B(Ko(H)) 2 B(co),
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Young Walls

Problem Categorification of Ug(g) and V() !

That is, given g and A € P,
we would like to construct :

© a graded Hecke algebra H = @ Hpy
N=0

s.t. i) Ko(H) = Uy (g), i) B(Ko(H)) 2 B(co),

0.
@ a cyclotomic quotient H* = @ Hx,
N=0

s.t. i) Ko(HN) 2 Vi (), i) B(Ko(H?)) =2 B()).
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Young Walls

Problem Categorification of Ug(g) and V() !

That is, given g and A € P,
we would like to construct :

© a graded Hecke algebra H = @ Hpy
N=0

s.t. i) Ko(H) =2 U, (g), ii) B(Ko(H)) = B(0),
@ a cyclotomic quotient H* = @ Hx,
N=0
s.t. i) Ko(H?) =2 Vz()), i) B(Ko(HY)) = B()).

Khovanov-Lauda(2008), Rouquier(2008) settled these
problems. The crystal part is still under progress.
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Young Walls

Problem Categorification of Ug(g) and V() !

That is, given g and A € P,
we would like to construct :

© a graded Hecke algebra H = @ Hpy
N=0

s.t. i) Ko(H) = Uy (g), i) B(Ko(H)) 2 B(co),

@ a cyclotomic quotient H* = @ Hx
N=0
s.t. i) Ko(H?) =2 Vz()), i) B(Ko(HY)) = B()).

Khovanov-Lauda(2008), Rouquier(2008) settled these
problems. The crystal part is still under progress.

Brundan-Kleshchev(2009) proved the decomposition numer
theorem for Ag,l), ¢ >1.
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Young Walls

Work in Progress (with J.-H. Kwon, E. Park, etc.)

© To construct Khovanov-Lauda-Rouquier algebras for
generalized Kac-Moody algebras.
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Young Walls

Work in Progress (with J.-H. Kwon, E. Park, etc.)

© To construct Khovanov-Lauda-Rouquier algebras for
generalized Kac-Moody algebras.

Q g : affine, £ = 1.
1) To find a good realization of B(\), B(o0).
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Young Walls

Work in Progress (with J.-H. Kwon, E. Park, etc.)

© To construct Khovanov-Lauda-Rouquier algebras for
generalized Kac-Moody algebras.

Q g : affine, £ = 1.
1) To find a good realization of B(\), B(o0).

ii) To construct Fock space representations and find LLT
algorithm.
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Young Walls

Work in Progress (with J.-H. Kwon, E. Park, etc.)

© To construct Khovanov-Lauda-Rouquier algebras for
generalized Kac-Moody algebras.

Q g : affine, £ = 1.
1) To find a good realization of B(\), B(o0).

ii) To construct Fock space representations and find LLT
algorithm.

iii) To prove the decomposition number theorem.
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Young Walls

THANK YOU



