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Crystal Bases

1.Balanced Triple

V : Q(q)-vector space (q : indeterminate)

A = Q[q, q−1
]

A0 = {f /g ∈ Q(q)| f /g is regular at 0}

A∞ = {f /g ∈ Q(q)| f /g is regular at ∞}

Let

V A
:= A-lattice of V ,

V A0 := L = A0-lattice of V ,

V A∞ := L∞ = A∞-lattice of V .
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Crystal Bases

Definition Let

E = V A
∩ L ∩ L∞.

Then (V A, L, L∞) is a balanced triple for V if

1 A⊗Q E ∼= V A
,

2 A0 ⊗Q E ∼= L,

3 A∞ ⊗Q E ∼= L∞.

Note Q(q)⊗Q E ∼= V .
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Proposition The following are equivalent.

1 (V A, L, L∞) is a balanced triple.

2 E → L/qL is an isomorphism.

3 E → L∞/q−1L∞ is an isomorphism.

Definition Suppose (V A, L, L∞) is a balanced triple for V , and

let

G : L/qL −→ E

be the inverse of E
∼
→ L/qL.

1 A Q-basis B of L/qL is called a local basis of V at q = 0.

2 In this case, G (B) is called the global basis of V
corresponding to B.
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E = V
A ∩ L ∩ L∞

q=0
��

L/qL
G

��

� �

G (B) ��
B

��
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2.Quantum Groups

(A,P∨,Π∨,P,Π) : Cartan Datum

A = (aij)i ,j∈I such that

aii = 2
∀i ∈ I , aij ≤ 0 i �= j , aij = 0 ⇔ aji = 0

∃D = diag(si ∈ Z>0|i ∈ I ) s.t. DA is symmetric

( symmetrizable generalized Cartan matrix )

P∨ = a free abelian group generated by

{hi |i ∈ I} ∪ {ds |s = 1, .., |I| − rankA}
( dual weight lattice )

Π
∨

= {hi |i ∈ I} (simple coroots )

P = {λ ∈ h∗|λ(P∨) ⊂ Z}, where h = C⊗Z P∨

( weight lattice )

Π = {αi ∈ h∗|i ∈ I}, where αj(hi ) = aij , αj(ds) =0 or 1

( simple roots )
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Definition (Kac, Moody 1968)

g = Kac-Moody algebra associated with (A,P∨,Π∨,P,Π)

= Lie algebra over C generated by ei , fi (i ∈ I), h ∈ Pv

with defining relations

i) [ h, h� ] = 0 for h, h� ∈ P∨

ii) [ ei , fj ] = δijhi

iii) [ h, ei ] = αi (h)ei , [ h, fi ] = −αi (h)fi for h ∈ P∨

iv) (adei )
1−aij (ej) = (adfi )1−aij (fj) = 0 for i �= j
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Crystal Bases

1 finite dimensional simple Lie algebras

g = sl(n + 1, C)(type An), sp(2n, C)(type Cn), . . .

2 affine Kac-Moody algebras

� untwisted affine algebras :

g � C[t, t−1
]⊗ g0 ⊕ Cc ⊕ Cd

� twisted affine algebras :

g � (t j
⊗ g0,̄j(s; r))⊕ Cc ⊕ Cd ,

where g0 =

�

j

g0,j(s; r) is the gradation associated to

an automorphism σs,r of type (s; r).

3 Kac-Moody algebras of indefinite type
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Crystal Bases

Oint = the category consists of g-modules M such that

i) M =

�

λ∈P

Mλ, where Mλ = {v ∈ M|hv = λ(h)v ∀h ∈ P∨},

ii)
∃λ1, λ2, ..., λs ∈ P such that

wt(M) ⊂

s�

i=1

(λi − Q+),

where Q+ :=
�

i∈I Z≥0αi ,

iii) all ei and fi (i ∈ I) are locally nilpotent on M.

The character of a weight module M is

chM =

�

µ

(dimC Mµ)eµ.



Crystal Bases Perfect Crystals Young Walls

Crystal Bases

Oint = the category consists of g-modules M such that

i) M =

�

λ∈P

Mλ, where Mλ = {v ∈ M|hv = λ(h)v ∀h ∈ P∨},

ii)
∃λ1, λ2, ..., λs ∈ P such that

wt(M) ⊂

s�

i=1

(λi − Q+),

where Q+ :=
�

i∈I Z≥0αi ,

iii) all ei and fi (i ∈ I) are locally nilpotent on M.

The character of a weight module M is

chM =

�

µ

(dimC Mµ)eµ.



Crystal Bases Perfect Crystals Young Walls

Crystal Bases

Theorem Let V (λ) be the irreducible height weight

U(g)-module with height weight λ ∈ h∗. Set

P+
= {λ ∈ P | λ(hi ) ∈ Z≥0 for all i ∈ I}.

1 V (λ) ∈ Oint if and only if λ ∈ P+
.

2 Every irreducible module in Oint is isomorphic to V (λ) for

some λ ∈ P+
.

3 Oint is semisimple.
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Crystal Bases

Definition

Uq(g) = quantum group associated with (A,P∨,Π∨,P,Π)

= associative algebra over C(q) generated by

ei , fi (i ∈ I), qh
(h ∈ Pv

) with defining relations :

i) q0
= 1, qhqh�

= qh+h�
for h, h� ∈ P∨

ii) qheiq−h
= qαi (h)ei , qhfiq−h

= q−αi (h)fi for h ∈ P∨

iii) ei fj − fjei = δij
Ki − K−1

i

qi − q−1
i

for i , j ∈ I
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iv)

1−aij�

k=0

(−1)
k

�
1− aij

k

�

qi

e
1−aij−k
i eje

k
i = 0 for i �= j

v)

1−aij�

k=0

(−1)
k

�
1− aij

k

�

qi

f
1−aij−k
i fj f

k
i = 0 for i �= j

Here, qi = qsi and Ki = qsi hi and [n]q =
qn − q−n

q − q−1
,

[n]q! = [n]q[n − 1]q...[2]q[1]q,

�
n
k

�

q

=
[n]q!

[k]q![n−k]q!
.
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Definition

O
q
int = the category consists of Uq(g)-modules Mq

such that

i) Mq
=

�

λ∈P

Mq
λ , where

Mq
λ = {v ∈ Mq|qhv = qλ(h)v ∀h ∈ P∨},

ii)
∃λ1, λ2, ..., λs ∈ P such that

wt(Mq
) ⊂

s�

i=1

(λi − Q+),

iii) all ei and fi (i ∈ I) are locally nilpotent on Mq
.

The character of a weight module Mq
is

chMq
=

�

µ

(dimC Mq
µ)eµ.
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Theorem Let V q
(λ) be the irreducible height weight

Uq(g)-module with height weight λ ∈ h∗.

1 V q
(λ) ∈ O

q
int if and only if λ ∈ P+

.

2 Every irreducible module in O
q
int is isomorphic to V q

(λ) for

some λ ∈ P+
.

3 O
q
int is semisimple.
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Crystal Bases

Theorem (Drinfeld 1985, Jimbo 1985, Lusztig 1990, ...)

1

Uq(g) −→ U(g) as q → 1

2 �
repns of Uq(g)

in O
q
int

�
q=1
−→

�
repns of U(g)

in Oint

�
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Crystal Bases

Problem We wish to compute the character of M because

1 chM is the 1st clue to understand the structure of M.

2 chM = algebraic invariant of M.

3 chM stands for interesting and important mathematical

quantities ; e.g.,

symmetric functions (combinatorics),

modular forms (number theory),

1-point functions (mathematical physics), etc.
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chM = chM
q

∀q : generic

Question When is it simple?

q = 0 !!



Crystal Bases Perfect Crystals Young Walls

Crystal Bases

chM = chM
q

∀q : generic

Question When is it simple?

q = 0 !!



Crystal Bases Perfect Crystals Young Walls

Crystal Bases

chM = chM
q

∀q : generic

Question When is it simple?

q = 0 !!



Crystal Bases Perfect Crystals Young Walls

Crystal Bases

3.Crystal Bases

M ∈ O
q
int , i ∈ I

=⇒ Every u ∈ Mλ(λ ∈ P) has an i-string decomposition :

u =

�

k≥0

f (k)
i uk , eiuk = 0.

Define the Kashiwara operator �ei , �fi : M → M by

�eiu =

�

k≥1

f (k−1)
i uk , �fiu =

�

k≥0

f (k+1)
i uk .
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�eiu =

�

k≥1

f (k−1)
i uk , �fiu =

�

k≥0

f (k+1)
i uk .
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Crystal Bases

Definition M ∈ O
q
int

A crystal basis of M is a pair (L,B), where

i) L is a free A0 - submodule of M s.t. Q(q)
�

A0
L ∼= M

ii) B= Q-basis of L/qL ∼= Q
�

A0
L

iii) L =
�

λ∈P Lλ, Lλ = L ∩Mλ

iv) �eiL ⊂ L, �fiL ⊂ L ∀i ∈ I
v) B =

�
λ∈P Bλ, where Bλ = B ∩ (Lλ/qLλ)

vi) �eiB ⊂ B ∪ {0}, �fiB ⊂ B ∪ {0} for all i ∈ I
vii) ∀b, b

�
∈ B , f̃ib = b

�
⇐⇒ b = ẽib

�

Define b
i
→ b

�
⇐⇒ f̃ib = b�

=⇒ (B, i-arrows) : crystal graph of M

Remark “Most of” combinatorial features of M are reflected on

its crystal graph B, e.g., dimQ(q) Mλ = #Bλ.
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Crystal Bases

V (λ) = Uq(g)vλ : irreducible highest weight Uq(g)-module

UA(g) = A-subalgebra of Uq(g) generated by e(n)
i , f (n)

i , qh,�Kiq−n

m

�
qi

for i ∈ I ,m, n ∈ Z≥0. Here,

�
x
t

�

qi

=
1

[t]qi !

t�

k=1

xq1−k − x−1q−1+k

qi − q−1
i

.

V A
(λ) = UA(g)vλ

Let

L(λ)
def
= a free A0-submodule of V q

(λ) spanned by

�fi1 ...�fir vλ(r ≥ 0, ik ∈ I),

B(λ)
def
= {�fi1 ...�fir vλ + qL(λ)|r ≥ 0, ik ∈ I}\{0} ⊂ L(λ)/qL(λ).
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Crystal Bases

− : Uq(g) → Uq(g) is the Q-algebra automorphism defined by

q = q−1, ei = ei , fi = fi , qh = q−h
(h ∈ P∨, i ∈ I).

Define − : V (λ) → V (λ) by

uvλ = uvλ for u ∈ Uq(g).

Let L(λ) = {v | v ∈ L(λ)}.

Theorem ( Kashiwara 1991, cf. Lusztig 1990 )

1 (V A
(λ), L(λ), L(λ)) is a balanced triple of V (λ)

2 (L(λ),B(λ)) is a crystal basis of V (λ)
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Crystal Bases

Recall

E = V
A(λ) ∩ L(λ) ∩ L(λ)

q=0
��

L(λ)/qL(λ)
G

��

� �

G (λ) �� B(λ)��
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Crystal Bases

Definition G (λ) = global basis or canonical basis of V (λ)

Problem

1 How to realize B(λ)?

2 How to construct G (λ)?
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Crystal Bases

Example
1 Kashiwara-Nakashima (1994)

g = An−1 = sln
λ ∈ P+ � λ = partition of n

B(λ) ∼= {semistandard tableaux of shape λ}

2 Kashiwara-Saito, Saito (1997, 2002)

B(λ) ∼= {irreducible components of certain Lagrangian

subvarieties of Nakajima’s quiver varieties}

3 Lusztig (1990)

G (λ) = {simple perverse sheaves}
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Crystal Bases

For generalized Kac-Moody algebras,

1 K.-Schiffmann (2006)

G (∞) = {semisimple perverse sheaves}

2 K.-Kashiwara-Schiffmann (2009)

B(∞) ∼= {irreducible components of certain Lagrangian

subvarieties in the representation space of a quiver}
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Perfect Crystals

4.Perfect Crystals

Uq(g) : quantum affine algebra associated with

(A,P∨,Π∨,P,Π) (affine Cartan datum)

Let

P̄ = ZΛ0 ⊕ ZΛ1 ⊕ ...⊕ ZΛn,

P̄+
� = {λ ∈ P̄ | �c , λ� = �, λ(hi ) ≥ 0

∀i ∈ I},

where c is the canonical central element.

U �
q(g) = �ei , fi ,K

±1
i |i ∈ I � ⊂ Uq(g) : quantum affine algebra

associated with (A, P̄∨,Π∨, P̄,Π) (classical Cartan datum)
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Perfect Crystals

For an element b in a finite U �
q(g)-crystal B,

ε(b) :=

�
εi (b)Λi , ϕ(b) :=

�
ϕi (b)Λi .

Definition A finite U �
q(g)-crystal B is a perfect crystal of level

� > 0 if

1 B ⊗ B is connected,

2 ∃λ0 ∈ P̄ such that

wt(B) ⊂ λ0 +
1

d0

�

i �=0

Z≤0αi , #(Bλ0) = 1,

3 �c , ε(b)� ≥ � ∀b ∈ B,

4 for each λ ∈ P̄+
� there exist unique bλ, bλ ∈ B such that

ε(bλ
) = λ = ϕ(bλ)
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Perfect Crystals

Example

1 g = A(1)
2

B: perfect

2 g = B(1)
3

B:

perfect



Crystal Bases Perfect Crystals Young Walls

Perfect Crystals

Example

1 g = A(1)
2

B: perfect

2 g = B(1)
3

B:

perfect



Crystal Bases Perfect Crystals Young Walls

Perfect Crystals

1 T

2 T

3 g = C (1)
2

B: not perfect

bΛ1 =

B: perfect
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Perfect Crystals

Theorem ((KMN)
2

1992)

B(λ) � B(ε(bλ))⊗ B,

uλ �→ uε(bλ) ⊗ bλ,

where bλ is the unique element of B such that ϕ(bλ) = λ
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Perfect Crystals

Path realization

B(λ) � B(λ1)⊗ B � B(λ2)⊗ B ⊗ B � ...

uλ �→ uλ1 ⊗ b0 �→ uλ2 ⊗ b1 ⊗ b0 �→ ...

λ0 = λ, b0 = bλ0 ,

λk+1 = ε(bλk ), bk+1 = bλk+1 (k ≥ 0)
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Perfect Crystals

pλ = (bk)k≥0 = ...⊗ bk+1 ⊗ bk ⊗ ...⊗ b0 (ground-state path)

p = (pk)k≥0 is a λ-path in B if pk ∈ B, pk = bk ∀k � 0

P(λ) = { λ-paths }

Theorem ( (KMN)
2

1992)

1 P(λ) � B(λ)

2 chV (λ) =
�

p∈P(λ) ewtp
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Perfect Crystals

Example g = A(1)
2
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Perfect Crystals

Example g = B(1)
3
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Perfect Crystals

Application to physics

The theory of vertex modules can be explained in the language of

quantum affine algebra and crystal bases.

In particular,

1-point function =
string function

chV (λ)
.

(probability for a configuration)
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Young Walls

5.Young Walls

Let g = A(1)
n−1, λ = Λ0.

Y = colored Young Diagram on Λ0

=

cf)

Y is n-reduced if �k+1 − �k < n ∀k ≥ 0 ,i.e.,

n-reduced ⇐⇒
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Young Walls

Let

Z(Λ0) = { colored Young diagrams on Λ0},

Y(Λ0) = { n-reduced Young diagrams on Λ0},

F(Λ0) =

�

Y∈Z(Λ0)

Q(q)Y .

Theorem (Misra-Miwa 1990)

1 Z(Λ0) is a Uq(A
(1)
n−1)-crystal.

2 Y(Λ0)
∼= B(Λ0).

3 F(Λ0) is a Uq(A
(1)
n−1)-module in O

q
int .
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Young Walls

Example The crystal Y(Λ0) for A(1)
2
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Young Walls

Note HN(ζ) : Hecke algebra of type A with ζn
= 1.

⇒ { irreducible HN(ζ)-modules}

= {DY | Y : n-reduced Young diagrams with N boxes}
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Young Walls

Y ∈ Y(Λ0): n-reduced Young diagram.

Lascoux-Leclerc-Thibon (1996)

(i) found an algorithm of computing

G (Y ) = Y +

�

Y �∈Z(Λ0),Y ��Y

KY ,Y �(q)Y �,

(ii) conjectured

[SY �
: DY

] = KY ,Y �(1).

Ariki (1996) proved (ii).
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A(1)
n−1 HN(ζ), ζn

= 1

Z : Young diagram SZ
: Specht module

Y : n-reduced DY
: irreducible module

Y(Λ0)
∼= B(Λ0)

∞�

N=0

K0(HN(ζ))

F(Λ0), LLT [SZ
: DY

] = KY ,Z (1)
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Actually, Ariki proved more:

B(Λ0)
∼=

∞�

N=0

K0(HN(ζ))

B(λ) ∼=

∞�

N=0

K0(H
λ
N(ζ))

B(∞) ∼=

∞�

N=0

K0(
�HN(ζ))
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Question How to generalize this picture to other quantum

affine algebras?

Answer g: classical quantum affine algebras, λ = level 1

⇒ LHS is completed.

idea: LEGO + Tetris !!
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Question How to generalize this picture to other quantum

affine algebras?

Answer g: classical quantum affine algebras, λ = level 1

⇒ LHS is completed.

idea: LEGO + Tetris !!
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Young Walls

g = B(1)
n , λ = Λ0
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Young Walls

Definition

1 A Young wall is a wall built on the ground-state wall Yλ

following the given patterns.

2 full column = integral height + top with unit thickness.

3 δ-column = one cycle of pattern.

4 A Young wall is proper if ∃ no full columns of equal height.

5 A column y is a removable δ-column if the Young wall

obtained by removing a δ-column from y is still proper.

6 A proper Young wall Y is reduced if ∃ no removable δ-column.
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3

not a Young wall

proper

not reduced

proper

reduced
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Example g = B(1)
3

not a Young wall proper

not reduced

proper

reduced
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Young Walls

Crystal Structure λ = Λ0

Y =

ẽiY = Y � i at ∗, f̃iY = Y � i at �,

εi (Y ) = # of −’s, ϕi (Y ) = # of +’s,

wt(Y ) = Λ0 −
�n

i=0 kiαi ,

where ki is the number of i-colored blocks in Y .
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Young Walls

g = B(1)
n ,D(1)

n ,A(2)
2n−1,A

(2)
2n ,D(2)

n+1

λ ∈ P+
: level 1

Z(λ) = { Young walls on λ}

Y(λ) = { reduced Young walls on λ}

Theorem (K. 2003)

1 Z(λ) is a Uq(g)-crystal.

2 Y(λ) = Conn(∅) ∼= B(λ).
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Young Walls

Example The crystal Y(Λ0) for B(1)
3
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Young Walls

Define the actions of ei , fi (i ∈ I ) on

F(λ) =

�

Z∈Z(λ)

Q(q)Z .
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Young Walls

Define

eiY =

�

b: removable i-blocks

q−Ri (b;Y )
i (Y � b),

where Ri (b;Y ) = ϕi (YR(b))− εi (YR(b)).
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Define

fiY =

�

b: admissible i-slots

qLi (b;Y )
i (Y � b),

where Li (b;Y ) = ϕi (YL(b))− εi (YL(b)).
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Y : Young wall, b : removable i-block

If the i-signature of b = −− or −,

⇒ Y � b := Young wall obtained by removing b from Y .

If the i-signature of b = −+, then
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Young Walls

Y : Young wall, b : admissible i-slot

If the i-signature of b = ++ or +,

⇒ Y � b := Young wall obtained by adding an i-block at b.

If the i-signature of b = −+, then
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Define
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Young Walls

Define

eiY =

�

b: (virtual) removable i-blocks

q−Ri (b;Y )
i (Y � b),

where Ri (b;Y ) = ϕi (YR(b))− εi (YR(b)).
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Y : Young wall, b : admissible i-slot

Define

⇒ Y � b := Young wall obtained by adding an i-block at b.

Consider the following slot, called a virtually admissible i-slot:
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Y : Young wall, b : admissible i-slot

Define

⇒ Y � b := Young wall obtained by adding an i-block at b.

Consider the following slot, called a virtually admissible i-slot:
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Define

fiY =
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i (Y � b),
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Theorem(K., J.-H. Kwon 2008)

1 F(λ) is a Uq(g)-module in Oq
int .

2 Given Y ∈ Y(λ), we found an algorithm of computing

G (Y ) = Y +

�

Y �∈Z(Λ0),Y ��Y

KY ,Y �(q)Y �.
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Theorem(K., J.-H. Kwon 2008)

1 F(λ) is a Uq(g)-module in Oq
int .

2 Given Y ∈ Y(λ), we found an algorithm of computing

G (Y ) = Y +

�

Y �∈Z(Λ0),Y ��Y

KY ,Y �(q)Y �.
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Young Walls

Uq(g) A =?

Z : Young wall ?

Y : reduced ?

Y(λ) ∼= B(λ) ?

F(λ), LLT ?
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Young Walls

Problem Categorification of Uq(g) and V (λ) !

That is, given g and λ ∈ P+
,

we would like to construct :

1 a graded Hecke algebra H =

∞�

N=0

HN

s.t. i) K0(H) ∼= U−
Z (g), ii) B(K0(H)) ∼= B(∞),

2 a cyclotomic quotient Hλ
=

∞�

N=0

Hλ
N

s.t. i) K0(Hλ
) ∼= VZ(λ), ii) B(K0(Hλ

)) ∼= B(λ).

Khovanov-Lauda(2008), Rouquier(2008) settled these

problems. The crystal part is still under progress.

Brundan-Kleshchev(2009) proved the decomposition numer

theorem for A(1)
n , � > 1.
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Work in Progress (with J.-H. Kwon, E. Park, etc.)

1 To construct Khovanov-Lauda-Rouquier algebras for

generalized Kac-Moody algebras.

2 g : affine, � � 1.

i) To find a good realization of B(λ), B(∞).

ii) To construct Fock space representations and find LLT

algorithm.

iii) To prove the decomposition number theorem.
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THANK YOU


