Intermediary Leverage Cycles and Financial Stability

Tobias Adrian and Nina Boyarchenko*
July 29, 2014

Abstract

We present a theory of financial intermediary leverage cycles within a dynamic
model of the macroeconomy. Intermediaries face risk based funding constraints that
give rise to procyclical leverage and a procyclical share of intermediated credit. The
pricing of risk varies as a function of intermediary leverage, and asset return exposures
to intermediary leverage shocks earn a positive risk premium. Relative to an economy
with constant leverage, financial intermediaries generate higher consumption growth
and lower consumption volatility in normal times, at the cost of endogenous systemic
financial risk. The severity of systemic crisis depends on intermediaries’ leverage and
net worth. Regulations that tighten funding constraints affect the systemic risk-return
trade-off by lowering the likelihood of systemic crises at the cost of higher pricing of
risk.
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1 INTRODUCTION

The financial crisis of 2007-09 highlighted the central role that financial intermediaries play
in the propagation of fundamental shocks. In this paper, we develop a dynamic stochastic
general equilibrium model in which the leverage cycle of financial intermediaries to capture
such a propagation of fundamental shocks. The model features endogenous solvency risk of
the financial sector, allowing us to study the impact of prudential policies on the trade-off
between systemwide distress and the pricing of risk during normal times.

We depart from the emerging literature! on dynamic macroeconomic models with financial
intermediaries by assuming that institutions have to hold equity in proportion to the riskiness
of their total assets. Our model gives rise to the procyclical leverage behavior emphasized by
Adrian and Shin [2013], and the procyclicality of intermediated credit documented by Adrian,
Colla, and Shin [2012]. Furthermore, prices of risk fluctuate as a function of intermediary
leverage, and the price of risk of leverage is positive, features that have been documented by
Adrian, Moench, and Shin [2010] and Adrian, Etula, and Muir [2013b].

In our theory, financial intermediaries have two roles. While both households and intermedi-
aries can own existing firms’ capital, intermediaries have access to a better capital creation
technology, capturing financial institutions’ ability to allocate capital more efficiently and
monitor borrowers. The second role of intermediaries is to provide risk bearing capacity by
accumulating inside equity. Intermediaries’ ability to bear risk fluctuates over time due to
the risk sensitive nature of their funding constraint.

The combination of costly adjustments to the real capital stock and the risk based leverage
constraint lead to the intermediary leverage cycle, which translate into an endogenous ampli-
fication of shocks.? When adverse shocks to intermediary balance sheets are sufficiently large,
intermediaries experience systemic solvency risk and need to restructure. We assume that
such systemic risk occurs when intermediaries’ net worth falls below a threshold. Interme-

diaries deleverage by writing down debt, imposing losses on households. Whether systemic

!Brunnermeier and Sannikov [2011, 2012], He and Krishnamurthy [2012a, 2013], Gertler and Kiyotaki
[2012], and Gertler, Kiyotaki, and Queralto [2011] all have recently proposed equilibrium theories with a
financial sector.

2While fundamental shocks are assumed to be homoskedastic, equilibrium asset prices and equilibrium
consumption growth exhibit stochastic volatility.



financial crises are benign or generate large consumption losses depends on the severity of
the shocks, the leverage of intermediaries, and their relative net worth.

Our model gives rise to the “volatility paradox” of Brunnermeier and Sannikov [2012]: Times
of low volatility tend to be associated with a buildup of leverage, which increases forward-
looking systemic risk. We also study the systemic risk-return trade-off: Low prices of risk
today tend to be associated with larger forward-looking systemic risk measures, suggesting
that measures of asset price valuations are useful indicators for systemic risk assessments.
The pricing of risk, in turn, is tightly linked to the Lagrange multiplier on intermediaries’
risk based leverage constraint, which determines their effective risk aversion.

Our theory provides a conceptual framework for financial stability policies. In this paper, we
focus on capital regulation.®> We show that households’ welfare dependence on the capital
constraint is inversely U-shaped: very loose constraints generate excessive risk taking of
intermediaries relative to household preferences, while very tight funding constraints inhibit
intermediaries’ risk taking and investment. This trade-off maps closely into the debate on
optimal regulation.*

The rest of the paper is organized as follows. We describe the model in Section 2. The
equilibrium interactions and outcomes are outlined in Section 3. We investigate the creation
of systemic risk and its welfare implications in Section 4. Conclusions are presented in

Section 5. Technical details are relegated to the appendix.

1.1 Related Literature

This paper is related to several strands of the literature. Geanakoplos [2003] and Fostel and
Geanakoplos [2008] show that leverage cycles can cause contagion and issuance rationing in a

general equilibrium model with heterogeneous agents, incomplete markets, and endogenous

30ur paper is among the few that consider the role of (macro)prudential policies in dynamic equilibrium
models explicitly (see Goodhart, Kashyap, Tsomocos, and Vardoulakis [2012], Angelini, Neri, and Panetta
[2011], Angeloni and Faia [2013], Korinek [2011], Bianchi and Mendoza [2011], and Nunio and Thomas [2012]
for alternative settings).

41t should be noted that these results rely on our assumption that intermediaries finance themselves only
in the public debt market, thus violating the necessary assumptions for the Modigliani and Miller [1958]
capital structure irrelevance result. While the impact of prudential regulation would be less pronounced if
intermediaries were able to issue equity, any positive cost of equity issuance would preserve the systemic
risk-return trade-off.



collateral. Brunnermeier and Pedersen [2009] further show that market liquidity and traders’
access to funding are co-dependent, leading to liquidity spirals. Our model differs from
that of Fostel and Geanakoplos [2008| as our asset markets are dynamically complete and
debt contracts are not collateralized. The leverage cycle in our model comes from the risk-
based leverage constraint of the financial intermediaries and is intimately related to the
funding liquidity of Brunnermeier and Pedersen [2009]. Unlike their model, however, the
funding liquidity that matters in our setup is that of the financial intermediaries, not that
of speculative traders.

This paper is also related to studies of amplification in models of the macroeconomy. The
seminal paper in this literature is Bernanke and Gertler [1989], which shows that the con-
dition of borrowers’ balance sheets is a source of output dynamics. Net worth increases
during economic upturns, increasing investment and amplifying the upturn, while the oppo-
site dynamics hold in a downturn. Kiyotaki and Moore [1997]| show that small shocks can
be amplified by credit restrictions, giving rise to large output fluctuations. Instead of focus-
ing on financial frictions in the demand for credit as Bernanke-Gertler and Kiyotaki-Moore
do, our theory focuses on frictions in the supply of credit. Another important distinction
is that the intermediaries in our economy face leverage constraints that depend on current
volatility, which give rise to procyclical leverage. In contrast, the leverage constraints of
Kiyotaki-Moore are state independent and lead to countercyclical leverage.

Gertler et al. [2011] and Gertler and Kiyotaki [2012] extend the accelerator mechanism
of Bernanke and Gertler [1989] and Kiyotaki and Moore [1997] to financial intermediaries.
Gertler et al. [2011] consider a model in which financial intermediaries can issue outside equity
and short-term debt, making intermediary risk exposure an endogenous choice. Gertler
and Kiyotaki [2012] further extend the model to allow for household liquidity shocks as in
Diamond and Dybvig [1983]. While these models are similar in spirit to our work, our model
is more parsimonious in nature and allows for endogenous defaultable debt. We can thus
investigate the creation of systemic default and the effectiveness of macroprudential policy
in mitigating these risks. Furthermore, our model generates pro cyclical leverage and a pro

cyclical share of intermediated credit.



Our theory is closely related to the work of He and Krishnamurthy [2012a, 2013] and Brun-
nermeier and Sannikov [2011, 2012], who explicitly introduce a financial sector into dynamic
models of the macroeconomy. While our setup shares many conceptual and technical fea-
tures of this work, our points of departure are empirically motivated. We allow households to
invest via financial intermediaries as well as directly in the capital stock, a feature strongly
supported by the data, which gives rise to important substitution effects between directly
granted and intermediated credit. In the setup of He—Krishnamurthy, investment is always
intermediated. Furthermore, our model features procyclical intermediary leverage, while
theirs is countercyclical. Finally, systemic risk of the intermediary sector is at the heart of
our analysis, while He-Krishnamurthy and Brunnermeier-Sannikov focus primarily on the
amplification of shocks. In fact, in the set-up of He-Krishnamurthy, the financial sector
is only constrained in times of crises. Thus, the consumption-CAPM holds during normal
times, and intermediary wealth enters the pricing kernel in times of crises only. In contrast,
in our approach, intermediary state variables (wealth and leverage) always enter into the
pricing kernel, and the price of risk of output fluctuates generically between positive and
negative values.

Our theory qualitatively matches stylized facts about the intermediary leverage cycle. These
stylized facts rely on the behavior of book leverage, and book equity, following Adrian and
Shin [2013], Adrian et al. [2012], and Adrian et al. [2010]. While our model, as well as the
models of He—Krishnamurthy and Brunnermeier—Sannikov, do not distinguish between book
leverage and market leverage, in practice those values are different as the market value of
equity captures the value of intangible assets that are not carried on the balance sheet of
financial institutions. Adrian, Moench, and Shin [2013c| conduct asset pricing tests using
book leverage and market leverage, and book equity and market equity, and find that the
market based measures are rejected empirically.

The interactions between the households, the financial intermediaries, and the productive
sector lead to a highly nonlinear system. We consider the nonlinearity a desirable feature, as
the model is able to capture strong amplification effects. Our theory features both endoge-
nous risk amplification (where fundamental volatility is amplified as in Danielsson, Shin, and

Zigrand [2011]), as well as the creation of endogenous systemic risk.



Figure 1: Economy Structure
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In our theory, equilibrium dynamics are functions of two intermediary state variables: their
leverage and their wealth. In contrast, in other equilibrium models with heterogenous agents,
the relevant state variables are typically only wealth shares, not leverage. For example, in
Rampini and Viswanathan [2012], the second variable is household wealth. In Dumas [1989)]
and Wang [1996], the state variables are aggregate output and the ratio of the marginal
utilities of the two types of agents.

2 A MODEL

We begin with a single consumption good economy, where the unique consumption good
at time t > 0 is used as the numeraire. There are three types of agents in the economy:
producers, financial intermediaries, and households. We abstract from modeling the decisions
of the producers and focus instead on the interaction between the intermediary sector and

the households. The basic structure of the economy is represented in Figure 1.

2.1 Production

We consider an economy with two active types of agents: financially sophisticated interme-
diaries and unsophisticated households. While both types of agents can own capital, only
financial intermediaries can create new capital through investment. We denote by K, the

aggregate amount of capital in the economy at time ¢t > 0 and assume that each unit of



capital produces A; units of the consumption good. The total output in the economy at

time ¢ is given by
Y;f = Ath7

where the stochastic productivity of capital {A; = e*};>o follows a geometric diffusion

process of the form
dat = adt -+ O'adZat,

with (Zat) a standard Brownian motion defined on the filtered probability space

0<t<+o00
(Q, F,P). Each unit of capital in the economy depreciates at a rate \g, so that the cap-

ital stock in the economy evolves as
th = (-[t - )\k) tht,

where I; is the reinvestment rate per unit of capital in place. Thus, output in the economy

evolves according to

2
4y, = (It Mt a+ %) Yydt + 0,Y,dZ,,.

Y

Notice that the quantity A;K; corresponds to the “efficiency” capital of Brunnermeier and
Sannikov [2012], with a constant productivity rate of 1.

There is a fully liquid market for physical capital in the economy, in which both the financial
intermediaries and the households are allowed to participate. To keep the economy scale-

invariant, we denote by pg;A; the price of one unit of capital at time ¢ in terms of the

consumption good.

2.2  Households

There is a unit mass of risk-averse, infinitely lived households in the economy. We assume

that the households in the economy are identical, so that the equilibrium outcomes are



determined by the decisions of the representative household. The households, however, are
exposed to a preference shock, modeled as a change-of-measure variable in the household’s
utility function. This reduced-form approach allows us to remain agnostic as to the exact
source of this second shock: With this specification, it can arise either from time-variation
in the households’ risk aversion or from time-variation in households’ beliefs. In particular,
we assume that the representative household evaluates different consumption paths {ct}t20

according to

+o0
]E{ / e~ &tent) Jog e, dt | |
0

where pj, is the subjective time discount of the representative household, and ¢; is the con-
sumption at time t. Here, exp (—&;) is the Radon-Nikodym derivative of the measure induced
by households’ time-varying preferences or beliefs with respect to the physical measure. For
simplicity, we assume that {£;} +>0 evolves as a Brownian motion, correlated with the pro-

ductivity shock, Z,:

dgt - O-Epﬁ,adZat + ¢4/ 11— pgadth

where {Z¢} is a standard Brownian motion of (€2, ;,P), independent of Z,;. In the current
setting, with households constrained in their portfolio allocation, exp (—&;) can be inter-
preted as a time-varying liquidity preference shock, as in Allen and Gale [1994], Diamond
and Dybvig [1983], and Holmstrom and Tirole [1998] or as a time-varying shock to the pref-
erence for early resolution of uncertainty, as in Bhamra, Kuehn, and Strebulaev [2010a,b|. In
particular, when the households receive a positive d§; shock, their effective discount rate in-
creases, leading to a higher demand for liquidity. Including non-zero correlation in the model
provides more flexibility in the correlation structure of equilibrium asset returns and thus
provides an additional channel for amplification. In our simulations, we set this correlation
Pe.a to zero to focus on the intermediaries’ role in amplifying shocks.

The households finance their consumption through holdings of physical capital, holdings
of risky intermediary debt, and short-term risk-free borrowing and lending. Unlike the

intermediary sector, the households do not have access to the investment technology. Thus,



the physical capital kj; held by households evolves according to

dkht - _/\kkhtdt

When a household buys kj; units of capital at price pg;A;, by 1td’s lemma, the value of

capital evolves according to

d(k?htpktAt) _ dA, 4 dpt 4 dkpy i <dpkt dAt>
Enipri Ay Ay Pkt Epy Dkt 7 Ay ‘

Each unit of capital owned by the household also produces A; units of output, so the total

return to one unit of household wealth invested in capital is

Atk d (kntpreAs)
ARy = —t0 qp o R et + OpasdZw + One 1A,
' \khtpktAt . Enepre A . ! sl e
dividendjrprice ratio Capitglrgains

In addition to direct capital investment, the households can invest in risky intermediary
debt. To keep the balance sheet structure of the financial institutions time-invariant, we
assume that the bonds mature at a constant rate \,, so that the time ¢ probability of a bond
maturing before time t+dt is A\,dt. Notice that this corresponds to an infinite-horizon version
of the “stationary balance sheet” assumption of Leland and Toft [1996]. Allowing for bonds

with a finite maturity gives rise to the possibility of default by financial intermediaries.

Thus, the risky debt holdings by,; of households follow

dbpe = (B — o) bedt,

where f; is the issuance rate of new debt. The bonds pay a floating coupon CyA; until
maturity, with the coupon payment determined in equilibrium to clear the risky bond market.
Similarly to capital, risky bonds are liquidly traded, with the price of a unit of intermediary

debt at time ¢ in terms of the consumption good given by py:A;. Hence, the total return



from one unit of household wealth invested in risky debt is

Cype + Xy — Aib d (b A
ARy, = ( bt b ﬁtpbt) t htdt+ ( htPbt t)
briDot A B Dot A B

dividcnd:lr)ricc ratio capit;lrgains

= URpdt + Opa1dZgy + Ope 1 d gy

When a household with total wealth wy; buys kj; units of capital and by, units of risky
intermediary debt, it invests the remaining wp; — prekne — ppebpe at the risk-free rate 7y, so

that household wealth evolves as

dwht = Tftwht + pktAtkht (det — Tftdt) + pbtAtbht (det — Tftdt) — Ctdt. (1)

We assume that the households face no-shorting constraints, such that

kne >0
bre > 0.
Thus, the households solve
+oo
max E l/ e~ &Pt Jog eyt | | (2)
{ct,knt,bne} 0

subject to the household wealth evolution 1 and the no-shorting constraints. We have the

following result.

Lemma 1. The household’s optimal consumption choice satisfies

¢
Cy = (Ph - 7) Wht-

In the unconstrained region, the household’s optimal portfolio choice is given by

-1
Tkt Okait Okét Okat Obayt HREt — Tft

Tt Obat Obgt Oket Obet MRbt — Trt



Oka,t Obat Péa
Oket Obet 1 —pga

Proof. See Appendix A.1. m

Thus, the household with the time-varying beliefs chooses consumption as a myopic investor
but with a lower rate of discount. The optimal portfolio choice of the household, on the other
hand, also includes an intratemporal hedging component for variations in the liquidity shock,
exp (—¢&;). Since intermediary debt is locally risk-less, however, households do not self-insure
against intermediary default. Appendix A.1 also provides the optimal portfolio choice in the
case when the household is constrained. In our simulations, the household never becomes
constrained as the intermediary wealth never reaches zero. Also notice that the liquidity
shock provides a reason for households to invest in both firm capital and intermediary debt.
In an economy with only one shock, households would be indifferent between investing in

intermediary debt and in the capital stock.

2.8  Financial Intermediaries

There is a unit mass of infinitely lived financial intermediaries in the economy. As with the
households, we assume that all financial intermediaries are identical and therefore equilibrium
outcomes are determined by the behavior of the representative intermediary. We abstract
from modeling the dividend payment decision (“consumption”) of the intermediary sector,
thus considering the intermediary sector as a technology. The profits of the intermediaries
are instead split between retained earnings and coupon payments to bondholders.

Financial intermediaries create new capital through capital investment. Denote by k; the
physical capital held by the representative intermediary at time ¢ and by i; A; the investment
rate per unit of capital. Then the stock of capital held by the representative intermediary

evolves according to

10



Here, @ (-) reflects the costs of (dis)investment. We assume that ® (0) = 0, so in the absence
of new investment, capital depreciates at the economy-wide rate ;. Notice that the above
formulation implies that costs of adjusting capital are higher in economies with a higher level
of capital productivity, corresponding to the intuition that more developed economies are
more specialized. We follow Brunnermeier and Sannikov [2012] in assuming that investment

carries quadratic adjustment costs, so that ® has the form

@ (ir) = g0 (V1 61— 1),

for positive constants ¢y and ¢;. Quadratic adjustment costs capture the empirical regu-
larity that new investments in physical capital are incrementally more expensive for larger
investments (see Hayashi [1982]).

Each unit of capital owned by the intermediary produces A; (1 — ¢;) units of output net of
investment. As a result, the total return from one unit of intermediary capital invested in

physical capital is given by

(1 — i) Aiky d (kipreAr) < , it )
drip = —————dt + ————= =dRy; + | ¢ (4x) — — | dt.
' Kipre A PN Kipre A ' ( t) Pkt
di\fidetld:;rice ratio capit;l,gains

Compared to the households, the financial intermediaries earn an extra return to holding
firm capital to compensate them for the cost of investment. This extra return is partially
passed on to the households as coupon payments on the intermediaries’ debt.

It should be noted that financial intermediaries serve two functions in our economy. First,
they generate new investment. Second, they provide capital that provides risk-bearing ca-
pacity to the households. Compare this with the notion of intermediation of He and Krish-
namurthy [2012a,b, 2013]. In their model, intermediaries provide households with access the
risky investment technology: Without the intermediary sector, the households can only in-
vest at the risk-free rate. Instead, the households enter into a profit-sharing agreement with
the intermediary, with the profits distributed according to the initial wealth contributions.
Our model is going to give rise to procyclical share of financial intermediation, a fact very

strongly supported by the data, which the setup of He and Krishnamurthy does not capture.

11



The intermediaries finance their investment in new capital projects by issuing risky floating
coupon bonds to the households. Since the intermediaries do not face any frictions in issuing
debt, the total net cost of each additional unit of debt to the intermediary equals the return

on holding bank debt for the households

Cypt + Xy — Ab d (bypp A
dry, = (Ct b — Biber) As tdt—i— (bepor Ar) — dRy.
o bt Ay P biput Ay B
dividend:;rice ratio capita‘l,gains

Consider now the budget constraint of an intermediary in this economy. An intermediary in
this economy holds capital investment projects (k;) on the assets side of its balance sheet and
has bonds (b;) on the liability side. In mathematical terms, we can express the corresponding

budget constraint as

Dt Arky = ppeAiby + wy, (3)

where w; is the implicit value of equity in the intermediary. Thus, in terms of flows, the

intermediary’s equity value evolves according to

dw, = ktpktAthkt - btpbtAthbt- (4)

The key assumption of this paper concerns the funding of the intermediary. We assume that
intermediary borrowing is restricted by a risk-based capital constraint, similar to the value

at risk (VaR) constraint of Danielsson et al. [2011]. In particular, we assume that

a\/ (e (e A0 < (5)

where ()2 is the quadratic variation operator. That is, we assume that the intermediaries
are restricted to retain enough equity to cover a certain fraction of losses on their assets.
Unlike a traditional VaR constraint, this does not keep the volatility of intermediary equity

constant, leaving the intermediary sector exposed to solvency risk. The risk-based capital

12



constraint implies a time-varying leverage constraint 6, defined by

_ Dt Arky < 1

J— 2 M
W av] L d(prtAt)
dat PrtAt

O

Thus, the per-dollar total VaR of assets is negatively related to intermediary leverage, a
feature documented by Adrian and Shin [2013]. Adrian and Shin [2013] provide a micro
foundation for a risk based capital constraint in a static context, while Nuno and Thomas
[2012] derive a risk based capital constraint within a dynamic context.> We do not necessarily
view constraint 5 as resulting from an optimal contract, but rather as a constraint imposed
by regulation.

The risk based capital constraint of intermediaries is directly related to the way in which
financial intermediaries manage market risk. Trading operations of major banks — most of
which are undertaken in the security broker-dealer subsidiaries — are managed by allocating
equity in relation to the VaR of trading assets. Constraint 5 directly captures such behavior.
Banking books, on the other hand, are managed either according to credit risk models, or
using historical cost accounting rules with loss provisioning. Although the constraint 5 does
not directly capture these features of commercial banks’ risk management, empirical evidence
suggests that the risk based funding constraint is a good behavioral assumption for bank
lending. In particular, the proxy for the tightness of credit supply conditions reported by
the Senior Loan Officer Survey of the Federal Reserve is highly correlated with measures of
aggregate volatility such as the VIX (see Figure 2). A higher level of asset volatility is thus
associated with tighter lending conditions of commercial banks, which constraint 5 captures.
We thus view constraint 5 as a behavioral proxy for broker dealers and commercial banks.
The leveraging of the financial crisis of 2007-09 illustrates our assumption. In the run-up

to the financial crisis, intermediaries did not build up equity buffers, but instead paid out

5An alternative interpretation would be in terms of a counterbalancing force to a government subsidy
(such as access to a better investment technology than other sectors of the economy) provided to the banking
sector. As pointed out in Kareken and Wallace [1978|, government subsidies distort the risk-taking decisions
of banks, precipitating the need for government regulation of risk taking.

6The risk based capital constraint is closely related to a Value at Risk constraint. Value at Risk constraints
originated from risk management practices of investment banks in the 1980s, and were subsequently adopted
in the Basel II capital framework, which was adopted by investment banks in the U.S. in 2004.

13



Figure 2: Market Volatility and Credit Supply Conditions
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NotEs:  VIX refers to the Chicago Board Options Exchange (CBOE) market volatility index.
The credit tightening indicator refers to the measure of lending standards for commercial and
industrial loans to large and medium firms, as reported in the Board of Governors of the Federal
Reserve System Senior Loan Officer Opinion Survey. p is the linear correlation between the two
series. Source: Haver DLX.

via repurchases and dividend payments. New equity was issued only once it was forced
upon the financial institutions via the stress tests, in early 2009, leading to countercyclical
intermediary equity. This observation is in line with our assumptions, but contrasts sharply
with the assumptions of Brunnermeier and Sannikov [2011, 2012] and He and Krishnamurthy
[2012a,b, 2013] who feature pro cyclical intermediary equity.

The parameter a determines how much equity the intermediary has to hold for each dollar
of asset volatility. We interpret this parameter « as a policy parameter that is pinned down
by regulation. « determines the tightness of risk based capital requirements, similar to the

capital requirements of the Basel Committee on Banking Supervision.
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We assume that the financial intermediaries are myopic and maximize a mean-variance ob-

jective of instantaneous wealth

max E, [di} -2y, [di] (6)

Wy

subject to the dynamic intermediary budget constraint 4 and the risk-based capital constraint
constraint 5. Here, v measures the degree of risk-aversion of the representative intermediary;
when 7 is close to zero, the intermediary is almost risk-neutral and chooses its portfolio each

period to maximize the expected instantaneous growth rate. We have the following result.

Lemma 2. The representative financial intermediary optimally invests in new projects at

R
Zt—a(zlpkt_ .

For nearly risk-neutral intermediaries (y close to 0), the risk-based capital constraint binds,

rate

and the shadow cost of increased leverage is

. 7
G = (MRk,t + (‘I’ (i¢) — p;i) - Tft) — (rot — 7ft) + Y [Obat (Okat — Ovar) + Ovet (Oker — Obet)]
t
1

- - - [(Gka,t — Opas) + (Okes — over)?| -
A\ Okat T ket

When intermediaries are not capital constrained, the optimal leverage choice of the inter-

mediary 1s given by

it

(“R’fvt + (i) = 55— Tft) — (MRbt — T1t) N [0ba,t (That — Obat) + Obet (Thet — Tvet)]

Qt _ Pk
¥ [(Uka,t — Opast) + (Ones — O'bg,t)ﬂ [(Uka,t — Opa)? + (Ohes — O'bg,t)Q]
Proof. See Appendix A.2. O

In this paper, we assume that the intermediaries’ risk aversion is sufficiently low to make the
risk-based capital constraint always bind. The assumption of a permanently binding funding
constraint is in contrast to the models of Brunnermeier and Sannikov [2011, 2012|. In that

alternative approach, there is no risk based leverage constraint. Instead, intermediaries
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manage their leverage so as to make sure that they have a big enough buffer to make their
debt instantaneously risk free. The intertemporal risk management of the intermediary is
then driving their effective risk aversion, pinning down their leverage and balance sheet
growth. In our approach, when ~ is close to 0, intermediaries leverage to the maximum and
do not have to make intertemporal decisions about the tightness of their funding constraint.
We choose our assumption of a binding leverage constraint for its power in generating em-
pirical predictions that are closely aligned with the data. Furthermore, there is anecdotal
evidence that intermediaries tend to leverage maximally. In addition, the binding constraint
captures the short termism of financial intermediaries which has been documented empiri-
cally. In a companion paper, we show that our results hold qualitatively in a setting where
the leverage constraints binds only sometimes, see Adrian and Boyarchenko [2013]. Lastly,
the buffers that institutions hold above their regulatory capital requirement tend to be small
in magnitude.

We follow Black and Cox [1976] in assuming that distress occurs when the intermediary
equity falls below an exogenously specified threshold, so that the time of distress is the first
hitting time 7p such that

= inf < opp ALK Y.
D %go{wt_wpkt t t}

We allow the distress boundary wpy;A; K; to grow with the scale of the economy, so that the
intermediary can never outgrow the possibility of distress.

When the intermediary is restructured, the management of the intermediary changes. The
new management defaults of the debt of the previous intermediary, reducing leverage to 6,
but maintains the same level of capital as before. The inside equity of the new intermediary

is thus

0

™D

0

w'rg :(I) kaDATDKTD'

We define the term structure of distress risk to be

0 (T)=P(1p <T|(wy,0)).
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Here, 6, (T') is the time ¢ probability of default occurring before time 7. Since the funda-
mental shocks in the economy are Brownian, and all the agents in the economy have perfect
information, the local distress risk is zero. We refer to the default of the intermediary as
systemic risk, as intermediaries all behave the same way, so its distress is systemic. In
our simulations, we use parameter values for w that are positive (not zero), thus viewing

intermediaries default state as a restructuring event.

2.4  Equilibrium

Definition 1. An equilibrium in this economy is a set of price processes {Pt, Dots Cot }y>gr @
set of household decisions {kn, but, ¢t }y~o, and a set of intermediary decisions {ky, B, 11, 01}~

such that the following apply:

1. Taking the price processes and the intermediary decisions as given, the household’s
choices solve the household’s optimization problem 2, subject to the household budget

constraint 1.

2. Taking the price processes and the household decisions as given, the intermediary’s
choices solve the intermediary optimization problem 6, subject to the intermediary

wealth evolution 3 and the risk-based capital constraint 5.

3. The capital market clears:

Kt - kt —|— kht-

4. The risky bond market clears:
bt - bht'
5. The risk-free debt market clears:

Wit = PrtAiknt + Dot Aibps.
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6. The goods market clears:

C = At (Kt — itkt) .

Notice that the bond markets’ clearing conditions imply

Pt A K = wpe + wy.

Notice also that the aggregate capital in the economy evolves as

3 SOLUTION

We solve for the equilibrium in terms of two state variables: the leverage of the financial

intermediaries, #;, and the fraction of wealth in the economy owned by the intermediaries

Wy Wy

Wy = = .
wy +wpe P AKy

Notice that, by construction, the household belief shocks are expectation-neutral, and thus
their level is not a state variable in the economy. Similarly, we have defined prices in the
economy to scale with the level of productivity, A;, so productivity itself is not a state variable
in the scaled version of the economy. We will characterize the equilibrium outcomes in terms
of these variables, with the equilibrium conditions determining the time series evolution of
6; and w; in terms of the primitive shocks in the economy, (Z,;, Z¢,). In particular, we will

make use of the following representations

dw

Tt = potdt + Opa1dZa; + Owe1dZey
t

do

H_t = Uotdl + 0atdZat + Oge 1dZ¢;.
t
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By observing the evolution of A;, as well as the two state variables in the economy, we can
isolate the time series evolution of the shocks to household beliefs, (Zg;),~,-

Notice finally that the VaR constraint implies
—29—2 2 2
af, "= Okat T Okt

Thus, the riskiness of the return to holding capital increases as intermediary leverage de-
creases. We plot the theoretical and the empirical trade-off between leverage growth and
volatility in Figure 3. Clearly, higher levels of the VIX tend to precede declines in broker-
dealer leverage (right panel). In the model, this translates into a negative relationship
between lagged growth rate of asset return volatility and intermediary leverage growth (left
panel). The negative relationship between broker-dealer leverage and the VIX is further
investigated in Adrian and Shin [2010, 2013].” While the evidence from Figure 3 is from
broker dealers, it also has an empirical counterpart for the banking book. As discussed ear-
lier, the lending standards of banks vary tightly with the VIX, indicating that new lending
of commercial banks is highly correlated with measures of market volatility.

Table 2 reports the coefficients and the R? of the regression of broker-dealer leverage growth
on lagged growth in implied volatility in the data (first column) and in the model. For the
model, we report the mean, median, 5% and 95% realizations of the coeficients in a sample
of 10000 paths. The paths are simulated at a monthly frequency for 70 years, using the

parameters in Table 1.

3.1  Capital evolution

Recall from the intermediary’s leverage constraint that

9, = DPreArky ‘

Wy

"While Adrian and Shin [2010] show that fluctuations in primary dealer repo—which is a proxy for fluc-
tuations in broker-dealer leverage — tend to forecast movements in the VIX, Figure 3 shows that higher
levels of the VIX precede declines in broker-dealer leverage. We use the lagged VIX as the VIX is implied
volatility and hence a forward-looking measure (though the negative relationship also holds for contempora-
neous VIX). Adrian and Shin [2013] use the VaR data of major securities broker-dealers to show a negative
association between broker-dealer leverage growth and the VaRs of the broker dealers.
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Parameter Value

a 0.0651
04 0.388
p 0.06
pn—0z/2  0.05
o 0.1
61 20
Ak 0.03
P¢a 0
O¢ 0.0388
« 2.5
¥ 0.01

Table 1: Parameters

NoOTES: Parameters used in simulations. The parameters of the productivity growth process (a,
04), the parameters of the investment technology (g, ¢1), subjective discount rates (pn, p), and
depreciation (A\g) are taken from Brunnermeier and Sannikov [2012].

Figure 3: Intermediary Leverage and Lagged Volatility Growth
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NoOTES: The relationship between the growth rate of leverage of financial institutions and the
lagged growth rate of implied volatility. Right panel: quarterly growth of broker-dealer leverage
(y-axis) versus lagged quarterly growth of the Chicago Board Options Exchange (CBOE) market
volatility index (VIX) (z-axis); left panel: quarterly growth of intermediary leverage, 0;, (y-axis)

versus lagged quarterly growth of capital return volatility, , /0%, , + U,%E_t, (z-axis) for a represen-

tative path. Data on broker-dealer leverage comes from Flow of Funds Table L.129. Data from
the model is simulated using parameters in Table 1 at a monthly frequency for 70 years.

Using our definition of w;, we can thus express the amount of capital held by the financial

institutions as




Data | Mean 5%  Median 95%

By | 0.014 | 0.000 -0.003  0.000 0.003
51 | -0.208 | -0.105 -0.187 -0.104 -0.025
R? | 0.053 | 0.013 0.001 0.011 0.035

Table 2: Intermediary Leverage and Lagged Volatility Growth
NotTEs: The relationship between the growth rate of leverage of financial institutions and the
lagged growth rate of implied volatility. The “Data" column reports the coefficients estimated using
broker-dealer leverage growth as the dependent variable and the growth rate of the Chicago Board
Options Exchange (CBOE) market volatility index (VIX) as the explanatory variable. The “Mean",
5%, “Median" and 95% columns refer to moments of the distribution of coefficients estimated
using 10000 simulated paths, with realized growth rate of leverage, 6, of the intermediaries as the

dependent variable, and growth rate of total volatility of the return on capital, /o7, , + U,2fg 4 S

the explanatory variable. 3y is the constant in the estimated regression, 31 is the loading on the
explanatory variable, and R? is the percent variance explained. Data on broker-dealer leverage
comes from Flow of Funds Table 1..129.

Applying [t6’s lemma, we obtain
dk; = wi K dbOy + 0, Kydw, + 0w d Ky + Ky (dOy, dw;) .
Recall that the intermediary’s capital evolves as
dky = (O (i) — M) kedt.
Equating coefficients, we obtain

O9at = —Owayt
Oget = —Owet

oy = P (lt) (1 — etwt) — ot + Uga,t + Ug&t'
N — 4 —

asset growth rate risk adjustment

Thus, intermediary leverage is perfectly negatively correlated with the share of wealth held
by the financial intermediaries. This reflects the fact that capital stock is not immediately
adjustable, so changes in the value of intermediary assets translate one-for-one into changes
in intermediary leverage. Notice further that the intermediary faces a trade-off in the growth

rate of its leverage, ug;, and the growth rate of its wealth share in the economy, .
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Data | Mean 5%  Median 95%

By | -0.071 | -0.112 -0.203 -0.108 -0.040
B | 0.756 | 0.434 0.190 0.433 0.680
R? | 0.460 | 0.048 0.009 0.045 0.101

Table 3: Procyclicality of Intermediated Credit

NoTES: The relationship between total credit in the economy and the amount of credit extended
through the financial intermediary sector. The “Data" column reports the coefficients estimated
using the growth rate of credit extended by financial intermediaries to the non-financial corporate
sector as the dependent variable, and the growth rate of total credit to the non-financial corporate
sector as the explanatory variable. The “Mean", 5%, “Median" and 95% columns refer to moments
of the distribution of coefficients estimated using 10000 simulated paths, with realized growth rate
of capital held by intermediaries, k;, as the dependent variable, and the growth rate of total capital
in the economy, K;, as the explanatory variable. [; is the constant in the estimated regression,
B1 is the loading on the explanatory variable, and R2 is the percent variance explained. Data on
total credit to the nonfinancial corporate sector and the share of intermediated finance come from
Flow of Funds Table L..102. Data on broker-dealer leverage, equity, and assets come from Flow of
Funds Table L.129.

Figure 4 plots the growth of the share of intermediated credit as a function of total credit
growth, showing the strong positive relationship in the model and the data. This positive
relationship has been previously documented in Adrian et al. [2012] and shows the procyclical
nature of intermediated finance. The coefficients of the corresponding regression are reported
in Table 3, with the linear coefficient remaining positive even for extreme paths. The middle
panel of Figure 4 shows the procyclical nature of the leverage of financial intermediaries.
Leverage tends to expand when balance sheets grow, a fact that has been documented by
Adrian and Shin [2010] for the broker-dealer sector and by Adrian et al. [2012] for the
commercial banking sector. The lower panel shows that the procyclical leverage translates
into countercyclical equity growth, both in the data and in the model. We should note that
the procyclical leverage of financial intermediaries is closely tied to the risk-based capital
constraint. In contrast, previous literature has found it challenging to generate this feature
and in fact exhibits countercyclical leverage (see Brunnermeier and Sannikov [2011, 2012|, He
and Krishnamurthy [2012a, 2013], Bernanke and Gertler [1989], Kiyotaki and Moore [1997],
Gertler and Kiyotaki [2012], and Gertler et al. [2011]).
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Figure 4: Intermediary Balance Sheet Evolution
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NotEs:  Procyclicality of intermediary balance sheets. Top panels: The relationship between
total credit in the economy and the amount of credit extended through the financial intermediary
sector, with the left panel plotting the realized growth rate of capital held by intermediaries, ki,
(y-axis) versus the growth rate of total capital in the economy, K;, (z-axis) for a representative
path, and the right panel plotting the growth rate of credit extended by financial intermediaries
to the non-financial corporate sector (y-axis) versus the growth rate of total credit to the non-
financial corporate sector (z-axis). Middle panels: The relationship between intermediary leverage
growth and intermediary equity growth, with the left panel plotting quarterly growth of inter-
mediary leverage, 0;, (y-axis) versus quarterly growth of intermediary wealth in the economy, wy,
(z-axis) for a representative path, and the right panel plotting quarterly growth of broker-dealer
leverage (y-axis) versus quarterly growth of scaled broker-dealer equity (z-axis). Lower panels:
The relationship between intermediary leverage growth and debt growth, with the left panel plot-
ting quarterly growth of intermediary leverage, 0;, (y-axis) versus quarterly growth of household
wealth in the economy, 1 — w;, (z-axis) for a representative path, and the right panel plotting
quarterly growth of broker-dealer leverage (y-axis) versus quarterly growth of scaled broker-dealer
debt (x-axis). In both the middle and the lower panels, the scaling factor is the total credit to
the non-financial sector, from Flow of Funds Table L.102. Data on total credit to the nonfinancial
corporate sector and the share of intermediated finance come from Flow of Funds Table L.102.
Data on broker-dealer leverage, equity, and assets come from Flow of Funds Table L..129. Data
from the model is simulated using parameters in Table 1 at a monthly frequency for 70 years.
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3.2 Goods market clearing and price of capital

Recall that goods market clearing implies the households consume all output, except that

used for investment
Cy = At (Kt — itkt) .

Substituting the optimal investment choice of the intermediary, we can express the goods

market clearing condition as

o2 Oy (P22

(& J/ J/

Vv NV
household demand total supply

The households’ demand for the consumption good is driven by the households’ wealth share
in the economy, 1 — w;, and the capital price pg;. The supply of the consumption good, on
the other hand, is determined by the financial intermediaries’ wealth share in the economy,

wy, financial intermediaries’ leverage, #;, and the capital price. Denoting

(A _2))
ﬁ—(¢%¢1(10h 9 )

the price of capital solves

4 49twt

0 = pibiwr + Bore (1 — wy) — PR

or

—B (1 —w) + \/52 (1—w)’ + ﬁetwt (¢1 + Ouwr)

Prt = 20,0,

As an aside, notice that, for the intermediary to disinvest, we must have

Do

0'2 ’
2o 3)

(1 —wy) >
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Thus, the intermediary disinvests when the household is a large fraction of the economy—
that is, when the intermediary has a relatively low value of equity. Applying [t6’s lemma

and equating coefficients, we obtain

[dZat} : 5wt0wa,t = (29twtpkt + 4 (1 - wt)) (Uka,t - Ua)

[dZg] © Buwiower = (200wipy + B (1 — wi)) one
4 .
[dﬂ 0= (pit — m (1 — 9twt)) Qtwtq) (Zt) (1 — Qtwt)

1 _ o2
+ (20wwipre + B (1 — wy)) Pre (,URk,t — p_ —a-+ b} + A\ — Uagka,t>
kt

— BPkiWi ot + etwtpit ((Uka,t - 0(1)2 + Ulzg,t)

- Bpk’twt ((Uk:a,t - Ua) Owat + ka,tgwé,t) .

Thus, in equilibrium, the financial intermediaries’ wealth ratio in the economy reacts to
shocks in the households’ beliefs in the same direction as the return to capital.

Finally, notice that

dwp _ d((l - Wt)pktAth)
Wht (1 - Wt)pktAth ‘

Thus, the expected rate of change in the financial intermediaries’ wealth share in the economy

is given by

pot = (0r — 1) (rit — trbt) — (OkatOwat + Ok t0uwet)

N (. S

Vv Vv
expected porfolio return compensation for portfolio risk
2
1—w; O¢ 1 .
+ Ph — — ———i—CI)(zt)@twt,
W 2 Dkt

/

vV
consumption provision to households

and the loadings of the financial intermediaries’ wealth share in the economy on the two

sources of fundamental risk are given by

Owat = (gt - 1) (Uka,t - Uba,t)

Ower = (0r — 1) (Ore — Ovet) -
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That is, the risk loadings of the financial intermediaries’ relative wealth reflect the ability of
the financial intermediaries to absorb shocks to their balance sheets. The negative sign on
the volatility of bond returns reflects the fact that losses in the value of the bonds benefit

the intermediaries by reducing their debt burden.

3.8 Equilibrium pricing kernel

Using the households’ optimal portfolio choice, we can express the pricing kernel in terms of

exposures to the fundamental shocks (dZ,;, dZ¢;) as

dAt 1— Gtwt Wt (Qt — 1)
S pdt— (G 2 T
At "t ( 1-— Wt Tkat 1— Wt

1-— Htwt Wi (Qt — ].) \/7
- — _— 1—p2 | dZg.
( - Oket 1 — Ope,t + O¢ Peq ¢t

While it is natural to express the pricing kernel as a function of the fundamental shocks

Oba,t + Uéﬂé,a) dZat

¢ and a, these are not readily observable. Instead, we follow the empirical literature and
express the pricing kernel in terms of shocks to output and leverage. Define the standardized

innovation to (log) output as
dj; = o, (dlogY; — E; [dlog Vi]) = dZ4,

and the standardized innovation to the growth rate of leverage of the intermediaries as

. _1 /db do
.= (e o) (-2 |5
Ob¢ t

/ o 2
Tpar + Tgey

o
fa,t A7 +

/ o 2
Tgat T Oge

Thus, we can express the pricing kernel as

7.

dA,

T = —Tftdt - netdét - nytdgt’
t
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where the price of risk associated with shocks to the growth rate of intermediary leverage is

—J1x (Uka,t—Ua)2 _ 20,0 Pkt o g /1_ 9
77915 2 /8 (1 _ Wt) k‘f,t E pgya, )

Oket

and the price of risk associated with shocks to output is

Okat — O
nyt:(fa—i—a'g (p&a——a a\/l—pg’a).
Oket

Thus pricing is similar to a two-factor Merton [1973] ICAPM, with shocks to intermediary
leverage driving the uncertainty about future investment opportunities. Note, however, that
the two factor structure arises in our setting not due to intertemporal hedging demands, but
rather because households hedge liquidity shocks. Since capital has a negative exposure to
the households’ preference shocks, the price of risk associated with shocks to intermediary
leverage is positive, so leverage risk commands a positive risk premium. While the sign
of the risk premium is always positive, the dependence of the price of leverage risk on the
leverage growth rate is nonmonotonic. The empirical literature strongly favors the positive
price of leverage risk for stock and bond returns (see Adrian et al. [2013b]) and a negative
relationship between the price of risk and the growth rate of leverage (see Adrian et al.
[2010]).

The left panel of Figure 5 plots simulated excess returns as a function of intermediary
leverage growth, while the right panel plots the same relationship in the data. In particular,
we see that the excess return to capital increases as the growth rate of intermediary leverage
decreases. This negative relationship within the model is further documented in Table 4,
with the linear regression coefficient consistently negative across different path realizations.
Unlike the price of leverage risk, the price of risk associated with shocks to output changes
signs, depending on whether the equilibrium sensitivity of the return to holding capital to
output shocks is lower or higher than the fundamental volatility. The time-varying nature of
the direction of the risk premium for output shocks makes it difficult to detect in observed re-

turns, suggesting an explanation for the poor performance of the production or consumption

CAPM in the data.
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Figure 5: Excess Returns and Intermediary Leverage
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NoOTES: The relationship between the growth rate of leverage of financial institutions and the
equity excess returns. Right panel: quarterly excess return to holding the S&P Financial Index
(y-axis) versus lagged annual growth of broker-dealer leverage (z-axis) ; left panel: quarterly excess
return to holding capital, dRy:, (y-axis) versus lagged annual intermediary leverage growth, df;,
(z-axis). Data on broker-dealer leverage comes from Flow of Funds Table 1.129 and that on the
return to the S&P Financial Index from Haver Analytics. Data from the model is simulated using
parameters in Table 1 at a monthly frequency for 70 years.

Data | Mean 5%  Median 95%

Bo | 0.118 | 0.076  0.068 0.076 0.084
5p | -0.310 | -0.031 -0.038 -0.031 -0.024
R? | 0.167 | 0.100 0.064 0.100 0.143

Table 4: Excess Returns and Intermediary Leverage

NoTES: The relationship between excess returns and lagged broker-dealer leverage growth. The
“Data" column reports the coefficients estimated using the quarterly return to holding the S&P
Financial Index as the dependent variable, and lagged annual broker-dealer leverage growth as
the explanatory variable. The “Mean", 5%, “Median" and 95% columns refer to moments of the
distribution of coefficients estimated using 10000 simulated paths, with realized quarterly excess
return to holding capital, dRy; as the dependent variable, and lagged annual intermediary leverage
growth, df;, as the explanatory variable. 3y is the constant in the estimated regression, [ is the
loading on the explanatory variable, and R? is the percent variance explained. Data on broker-
dealer leverage come from Flow of Funds Table L.129 and that on the return to the S&P Financial
Index from Haver Analytics and Barclays.

3.4 Equilibrium
We summarize the resulting equilibrium outcomes in the following lemma.

Lemma 3. In equilibrium, the expected excess return on capital and risky intermediary debt,
as well as the expected return on intermediary equity, the risk-free rate, and the volatility of

intermediary equity and intermediary debt, can be expressed as linear combinations of the

28



exposure of capital returns to productivity shocks, oeyt, and liquidity shocks, owey, with the
coefficients non-linear functions of the state (6;,w:). The exposure of capital returns to
productivity shocks, oiqy, and liquidity shocks, oyey, are given, respectively, by

0>

Okret = — 2 T Okayt
-2

Ok Zt—+02<1—|— L )
ot a? “ wi (20pwpre + B (1 —wy)) )

Proof. See Appendix B. O

Notice that the negative root determines the exposure of capital to the household liquidity
shock, oy ;. Intuitively, when the household experiences a liquidity shock, such that dZ¢ > 0,
the household’s discount rate increases, causing a reallocation to capital and away from

intermediary debt, decreasing the return to holding capital.

4  FINANCIAL STABILITY AND HOUSEHOLD WELFARE

In this section, we describe the term structure of the distress probability, ¢, ("), and, in
particular, the effect of a tightening of the risk-based capital constraint. We then compare
the equilibrium outcomes in our model to the equilibrium outcomes in one with constant
leverage. Finally, we discuss some implications of the risk-based capital constraint for the

welfare of the households in the economy.

4.1 Intermediary distress

We begin by considering the trade-off between the instantaneous riskiness of capital invest-
ment and the long-run fragilities in the economy. The left panel of Figure 6 plots the six
month distress probability® as a function of the current instantaneous volatility of the return
to holding capital. We see that the model-implied quantities have the negative relationship
observed in the run-up to the 2007-2009 financial crisis. This relation forms the crux of the

volatility paradox: Periods of low volatility of the return to holding capital coincide with

8 Although this probability cannot be computed analytically, we can easily compute it using Monte Carlo
simulations.
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Figure 6: Volatility Paradox
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NoOTES: Left panel: 6 month probability of intermediary default (y-axis) versus instantaneous
volatility of equity returns, , /O"%at + U}ig +» (x-axis); right panel: 6 month probability of interme-

diary default (y-axis) versus the risk price of standardized shocks to leverage, ng:, (z-axis). The
default probabilities are computed using 10000 simulations of the economy on a monthly frequency
using the parameters in Table 1.

high intermediary leverage, which leads to high systemic solvency and liquidity risk. The
volatility paradox was first described by Brunnermeier and Sannikov [2012], and empirically
documented by Adrian and Brunnermeier [2011]. In the context of the model, local volatil-
ity is inversely proportional to leverage. As leverage increases, the intermediaries issue more
risky debt, making distress more likely. This leads to the negative relationship between the
probability of distress and current period return volatility. The right panel of Figure 6 plots
the trade-off between the six month distress probability and the price of risk associated with
shocks to the growth rate of intermediary leverage. Since the price of leverage risk depends
linearly on return volatility, an increase in contemporaneous risk increases the price of lever-
age risk while decreasing the long-term instability in the economy. This mechanism allows
intermediaries to increase their risk exposure during periods of low volatility, which increases
the risk of financial distress.

In Figure 7, we plot the trade-off between the shadow cost of capital, (;, faced by the
intermediaries and the risk in the economy. As the price of leverage risk increases, it becomes
more costly for intermediaries to increase their leverage, increasing their shadow cost of
capital (right panel). In the presence of the systemic risk-return trade-off, this implies that

the shadow cost of capital increases as the probability of distress decreases (left panel).
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Figure 7: Shadow Cost of Capital
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NoOTEs: Left panel: 6 month probability of intermediary default (y-axis) versus the shadow cost
of increased leverage, (;, (z-axis); right panel: the risk price of standardized shocks to leverage,
Not, (y-axis) versus the shadow cost of increased leverage, (;, (x-axis). The default probabilities are
computed using 10000 simulations of the economy on a monthly frequency using the parameters
in Table 1.

Intuitively, the shadow cost of increasing leverage is highest when the intermediary is safest:
An extra unit of leverage has a marginally higher impact on the probability of distress for
intermediaries with low leverage.

Intermediary distress is costly (in consumption terms) for the households. In Figure 8, we
plot a sample evolution of the economy, focusing on the evolution of output and consumption
(upper panel), intermediary wealth share in the economy and intermediary leverage (middle
panels), and of the realized return to intermediary debt (lower panel). Notice first that,
while intermediaries’ distress is usually preceded by high intermediary leverage, distress
can occur even when intermediary leverage is relatively low. Moreover, intermediaries can
maintain high levels of leverage without becoming distressed. Thus, high leverage is not
a foolproof indicator of distress risk. The recapitalization of intermediaries comes at the
cost of a consumption drop for the households, which can be quite significant. Since the
restructuring of intermediaries is done through default on debt, household wealth (and,
hence, consumption) exhibits sharp declines when intermediaries become distressed. It is
worth emphasizing that the transmission mechanism from financial sector distress to real

economic activity is via two channels. The first is a wealth effect of households, which leads
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Figure 8: Sample Path of the Economy
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to an adjustment of the consumption path, and a reallocation of savings. The second channel

is more direct, and consists in adjustments to the capital creation decision of intermediaries.

4.2 Distortions and amplifications

The simulated path of the economy in Figure 8 illustrates the negative implications of inter-
mediary distress for the households in the economy. The risk-based capital constraint faced
by the intermediaries in our economy amplifies the fundamental shocks in the economy and
distorts equilibrium outcomes. An adverse shock to the relative wealth of the intermedi-
aries reduces the equilibrium level of investment and lead to a lower price of capital, which
makes the risk-based capital constraint bind more, reducing further financial intermediaries’
effective risk taking. The amplification mechanism acts through the time-varying leverage
constraint that is induced by the risk-sensitive capital constraint. To understand the mech-
anism better, we describe the equilibrium outcomes in an economy with constant leverage,

and contrast the resulting dynamics with those in the full model.
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In particular, consider an economy in which, instead of facing the risk-based capital con-

straint, the intermediaries face a constant leverage constraint, such that

Pt Ak

Wy

=0,
where @ is a constant set by the prudential regulator. The equilibrium outcomes are sum-
marized in the following lemma.

Lemma 4. The economy with constant leverage converges to an economy with a constant

wealth share of the intermediary sector in the economy

In the steady state, the intermediary sector owns all the capital in the economy, with the

expected excess return to holding capital given by

1, o .
Prit —Tgr = — + 05— | pn— = | — P (i),
Dk 2

and the expected excess return to holding bank debt given by

HRbt — Tt = 03,
with the riskiness of the returns equal to the riskiness of the productivity growth

Okat = Oba,t = Oq

Oket = Obet = 0.

Proof. See Appendix C. O]

Thus, when the financial intermediaries face a constant leverage constraint, the intermediary
sector does not amplify the fundamental shocks in the economy. Furthermore, since inter-
mediaries represent a constant fraction of the wealth of the economy with constant leverage,

there is no risk of intermediary distress. Notice, however, that the excess return to holding
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capital compensates investors for the cost of capital adjustment. Thus, the financial system
provides a channel through which market participants can share the cost of capital invest-
ment. Importantly, the household preference shock £ is not transmitted in this economy.
Intuitively, since the households aren’t the marginal investors in the capital market, the
price of capital only reflects shocks to intermediaries’ pricing kernel which only varies with
productivity shocks.

The benefit of having a financial system with a flexible leverage constraint is, then, increased
output growth and more valuable capital, albeit at the cost of financial and economic sta-
bility. Since the rate of investment and the capital price are constant in this benchmark,
the volatility of consumption growth equals the volatility of productivity growth, and the
expected consumption growth rate equals the expected productivity growth rate. In our
model, the financial intermediary sector allows households to smooth consumption, reducing
the instantaneous volatility of consumption during good times, but at the cost of higher
consumption growth volatility during times of financial distress. In particular, notice that,

in the model with risk-based capital constraints, volatility of consumption growth is given

by
dct>2 ( 20,0, )2 ( 20,0, )2
— ) = Pkt (Okar — 0a) +0a | +| —=———prio ,
< o 5(1 _wt)pkt( ka,t ) ﬁ(l _wt>pkt kEt

which is lower than the fundamental volatility o2 when o, is bigger than o,.

More formally, consider the trade-off in terms of the expected discounted present value of
household utility. In Figure 9, we plot the household welfare in the economy with pro-cyclical
intermediary leverage as a function of the tightness of the risk-based capital constraint,
as well as the the household welfare in the economy with constant leverage. Notice first
that household welfare is not monotone in a: Initially, as the risk-based capital constraint
becomes tighter, household welfare increases as distress risk decreases. For high enough
levels of o, however, the household welfare decreases as the risk-based capital constraint
becomes tighter. Intuitively, for low values of «a, periods of financial distress (which are
accompanied by sharp drops in consumption) are more frequent and the households become

better off as the constraint becomes tighter. As « increases, the intermediaries become
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Figure 9: Household Welfare
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NoOTES: Left panel: expected present value of household utility (y-axis) as a function of the tight-
ness of risk-based capital constraint, «, (x-axis); right panel: 6 month, 1 year and 5 year cumulative
default probabilities (y-axis) as a function of the tightness of risk-based capital constraint, a, (z-
axis). Welfare and default probabilities are computed using 10000 simulations of the economy on
a monthly frequency using the parameters in Table 1, with household welfare computed over a 70
year horizon.

more stable, increasing household welfare. As « becomes too large, while probability of
intermediary distress is still lower (see the right panel of Figure 9),the risk-sharing function
of the intermediaries is impeded, leading to lower household utility. Notice finally that
household welfare in the economy with pro-cyclical leverage can be higher than that in the
economy with constant leverage, even when a suboptimal « is chosen.

Note, however, that the risk based capital constraint does not necessarily constitute optimal
policy in our setup. Instead, we view the risk based capital constraint as being imposed
by regulators in order to solve moral hazard and adverse selection problems that we do
not model explicitly. Within our setting, welfare could be improved if intermediaries were
allowed to issue equity to households. In practice, such adjustments are likely costly, thus
implying a non-trivial equity issuance decision by intermediaries. We leave the study of such

a setting to future research.

4.3 Stress tests

By introducing preferences for the financial intermediaries, we can extend our model to

study the impact of the use of stress tests as a macroprudential tool. By further introducing
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preferences for the prudential regulator, the model also provides implications for the optimal
design of stress tests. We leave the formal treatment of these extensions for future work and
provide here a sketch of how stress tests can be incorporated in the current setting.

Recall that, in our model, intermediary debt is subject to the risk-based capital constraint,

which is a constraint on the local volatility of the asset side of the intermediary balance sheet

—1 / 2 2
0, >« Tiat T Oloe v

Stress tests, on the other hand, can be interpreted as a constraint on the total volatility of

the asset side of the balance sheet over a fixed time interval

T
0,1 > ﬁ\/Et [/ (O’ia,S + U,%w) ds] .
t

Thus, in effect, stress tests can be thought of as a Stackelberg game between the policymaker

and the financial intermediaries, with the policymaker moving first to choose the maximal
allowable level of volatility over a time interval, and the intermediaries moving second to
allocate the volatility allowance between different periods. Under the assumption that the
prudential regulator designs stress tests to minimize total volatility, while the intermediaries
maximize the expected discounted value of equity, the optimization problem for the interme-
diaries resembles the optimal robust control problem under model misspecification studied
by Hansen and Sargent [2001, 2007]; Hansen, Sargent, and Tallarini [1999]; Hansen, Sargent,

Turmuhambetova, and Williams [2006], among others

V; (¥) = max min / / =D, (i, 8, k) dsdq

{i,B,k} € Q¥

subject to

T
et_l Z 19\// / (O-I%a,s + O-lzf,s) dqsds'
t

Notice that, in the limit at T" — ¢ + dt, this reduces to the risk-based capital constraint

described above. In the language of Hansen et al. [2006], this is a nonsequential problem
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since the constraint is over a non-infinitesimal time horizon. The density function ¢ is a
density over the future realizations of the fundamental shocks (dZ,;, dZ¢) in the economy,
and Q is the set of densities that satisfies the stress-test constraint. Hansen et al. [2006]
show how to move from the nonsequential robust controls problems to sequential problems.
In particular, for the constraint formulation, they augment the state-space to include the
continuation value of entropy and solve for the optimal value function that also depends on
this continuation entropy.

In our setting, we can reformulate the optimization problem of the representative interme-

diary as
" —pla=)
Vi(¥)= max E / e Py, (4, B, k) ds
H0) = e t[ ; ¢ (5.5, K) }
subject to
9—1
S > 2 2
g Ukas+0k§s

That is, the intermediaries choose an optimal capital plan at the time of the stress test
to maximize the discounted present value of equity subject to satisfying the intertemporal
volatility constraint imposed by the stress test. Locally, the portfolio allocation decision
of the intermediaries satisfy a risk-based capital constraint, albeit with a time-varying a.
However, along a given capital plan, the optimal decisions of both the households and the
intermediaries are as described above. Stress tests are hence a natural but technically chal-

lenging extension of the current setup and are left for future exploration.

5 CONCLUSION

We present a dynamic, general equilibrium theory of financial intermediaries’ leverage cycle
as a conceptual basis for policies geared toward financial stability. In this setup, any change

in prudential policies has general equilibrium effects that impact the pricing of financial
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and nonfinancial credit, the equilibrium volatilities of financial and real assets, and the
allocation of consumption and investment goods. From a normative point of view, such effects
are important to understand, as they ultimately determine the effectiveness of prudential
policies.

The assumptions of our model are empirically motivated, and our theory captures many
important stylized facts about financial intermediary dynamics that have been documented
in the literature. There is both direct and intermediated credit by households, giving rise to
substitution from intermediated credit to directly granted credit in times of tighter intermedi-
ary constraints. The risk-based funding constraint leads to procyclical intermediary leverage,
matching empirical observations. Our theory generates the volatility paradox: times of low
contemporaneous volatility allow high intermediary leverage, increases in forward-looking
systemic risk. Finally, the time variation in the pricing of risk is a function of leverage
growth and the price of risk of asset exposure is positive, two additional features that are
strongly borne out in the data.

The most important contribution of the paper is to directly study the impact of prudential
policies on the likelihood of systemic risk. We uncover a systemic risk-return trade-off:
Tighter intermediary capital requirements tend to shift the term structure of systemic risk
downward, at the cost of increased risk pricing today. This trade-off forms the basis for the
evaluation of costs and benefits associated with financial stability policies, as discussed in

greater detail in Adrian, Covitz, and Liang [2013a].
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A PROOFS

A.1 Household’s optimization

Recall that the household solves the portfolio optimization problem:

+o0
max E [/ e St Prt log cydt| |
0

{ctsmhe ot }
subject to the wealth evolution equation:

dwpy = 7w dt + Wre T {(WREE — T5e) A+ Oka1d 201 + Ope 1 dZe 1 }
+ wheoe { (Lo — Tf1) At + Opa 1 dZay + Ope 1 dZe i} — cidt,

and the no-shorting constraints:
Tkt ot = 0.

Instead of solving the dynamic optimization problem, we follow Cvitani¢ and Karatzas [1992]
and rewrite the household problem in terms of a static optimization. Cvitani¢ and Karatzas
[1992] extend the Cox and Huang [1989] martingale method approach to constrained opti-
mization problems, such as the one that the households face in our economy.

Define K = R2 to be the convex set of admissible portfolio strategies and introduce the
support function of the set —K to be

d(x) =10 (x| K)=sup(—7'z)

TeK
_ 0, ek
| oo, xE K

We can then define an auxiliary unconstrained optimization problem for the household, with
the returns in the auxiliary asset market defined as

T;t =7+ 0 ()
dth - (/vLRk,t + vy + ) (1_);3)) dt + Uka,tdZat + O'kg’tdZ&t
ARy, = (bt + var + 0 (U)) dt + 0pa 1dZgr + Ope e 4,

for each @, = [vy; vy’ in the space V (K) of square-integrable, progressively measurable

processes taking values in K. Corresponding to the auxiliary returns processes is an auxiliary
state-price density

dny
n;

= —(rp +6(0) dt — (fige — g + 0 (o) dZ,
where

- HREt | . Okat Oket | . = Lt
Rt — y ORrt = 3 Zy = .
Hat { I Rbt ] ' { Obait  Obet ] t { Zei }
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The auxiliary unconstrained problem of the representative household then becomes

+00
max E [/ e St ]og ctdt}
0

Ct

subject to the static budget constraint:

“+o00
wpo = E [/ nfctdt] )
0

The solution to the original constrained problem is then given by the solution to the uncon-
strained problem for the v that solves the dual problem

veV(K)

+oo
min E [/ e~ P () dt} ,
0
where @ (x) is the convex conjugate of —u (—x)

u(r) = SZl>1%) [log (zx) — zx] = — (1 + log x)

and A is the Lagrange multiplier of the static budget constraint. Cvitani¢ and Karatzas
[1992]| show that, for the case of logarithmic utility, the optimal choice of v satisfies

v; = arg min {25(35) + H(ﬁRt — Tt 55)/01_%1”2}

rzeK
. . 12
= argmin || (g —rp +2) o ||
rzeK
Thus,
vy = 0, MRkt — Tt = 0
Tt — MRkt MREg — T <0
Vo — 0, frpt — Tf > 0
Tt — MRbes MRot — Tt < 0

Consider now solving the auxiliary unconstrained problem. Taking the first order condition,
we obtain

efgtfpht .
[Ct] 0= - /\nt )
Ct
or
efétfpht
Cy =
t A7)y
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Substituting into the static budget constraint, we obtain

E {/Jroo p } E {/Hﬁ e—és—phsd } e—&t—pnt
Ny Wt = nycsds| = s| = NPT
L t t ' t A (Ph - 05/2)

o¢
Ct = (,Oh - 7) Wht-

To solve for the household’s optimal portfolio allocation, notice that:

Thus

d (77? wht) _
1 Wht

1
—ppdt — d&§; + §d£t2

1
( Pn + 205) dt — o¢peadZos — oey /1 — pzangt.

On the other hand, applying It6’s lemma, we obtain

d(njwn) _ dny L D dwn dwht dni’

M} Why Ny Wy Wpe MY

Equating the coefficients on the stochastic terms, we obtain

— — —1
= (fipe —7pe + Ut)/ (Uj’%to-Rt) — O¢ [pfa \/ 1 - péa URtl

A.2  Intermediary optimization

Recall that the representative intermediary solves

d d
max [, {ﬁl — %Vt lﬂ] ;

Ot ,it Wy Wy
subject to the dynamic intermediary budget constraint

d .
ﬂ = 9t (de;t + <¢ (Z ) D > dt — Tftdt) (Qt — 1) (det — Tftdt) + Tftdt,
t

Wy

and the risk-based capital constraint constraint

N

0, <a! (aﬁw + Uig,t)

Forming the Lagrangian, we obtain

. 1
Ly = max 0, (MRk,t + (‘b (Zt) - —t) - 7"ft) - (91& - 1) (MRb,t - Tft)

52t Pkt
— % [(gtaka,t —(6: —1) Uba,t)2 + (Ororer — (0 — 1) Ubg,t)Q]
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+G (a_l (O + Uks,t)ié - 0t> ’
where (; is the Lagrange multiplier on the risk-based capital constraint. Taking the first
order conditions, we obtain
[ie] = 0= (i) — py,
[0:]: 0= (MRk,t + (‘I’ (i) — pz_];) - Tft) — (Mot —751) — G
=V (Okat = Obat) (00 (That — vat) — Ovar) — 7 (Oet — ver) (00 (Ther — Ovet) — onet) -
Consider first the case when the intermediary is unconstrained in his leverage choice, so that

(; = 0. Then, solving for the optimal leverage choice, we obtain

, i
(:“Rk,t + (@ (i¢) — ,T,it) - Tft) — (kg = 751) Tbat (Okat — Tbait) + Tver (Oker — Obet)
[(Uka,t - Uba,t)2 + (ke — Ubé,tﬂ

9,5 -
Y [(Uka,t - Uba,t)2 + (ke — Ubs,tﬂ

Consider now the case when the intermediary is constrained. Solving for the Lagrange

multiplier, we obtain

Pkt

. )
G = (MRk:,t + <<I) (i¢) — —t) — Tft) — (trbt — 75¢) + Y [Ovat (Tkat — Ovar) + Tver (Ther — Ovet)]
— 70, [(Uka,t — Uba,t)2 + (Oner — O'bg,t)ﬂ .

B EQUILIBRIUM OUTCOMES

To summarize, in equilibrium, we must have

pror = @ (i) (1 — Opwy) — iy + Uga,t + Ugg,t

1— Qtwt etwt — Wy
prke = Tre = (Tas + The ) B + (Okat0bat + Oke tObe 1) 1w
— Wt — W
+ o¢ (Ulm,tpg,a + okern /1 — p?,a>
1— Htwt

Oy — w
2 9 LWt t
HRbt — T = (Ubat + O t) —————— + (OkatObast + Oket0pe ) ———
' ' 1—w; 1—w;

+ 0¢ (Uba,tp&a + Obe \/ - pg,a>

pot = (0 — 1) (trie — prbt) + (OkatO0at + ke 100¢t)
2
EETAE N T
W 2 Dkt
Tpas = — (0 — 1) (Okas — Obar)
oo = — (0 — 1) (Ohet — Ovet)
B (Grwr — wi) opar = — (B (1 — Oswr) + 20:w0iPkt) That
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+ (201wipre + B (1 — wy)) 0
B (Orwr — wy) Opet = — (B (1 — Orwr) + 20,1 pget) Oket
a_zet_2 = Uia,t + Ulzg,t

0= (pit - % (1 - Qtwt)) Qtwt@ ('Lt) (1 - Gtwt)
071

1 a2
+ (20,wipre + B (1 — wy)) Pre (HRk,t — E —a+ b} + A — Uagka,t)
t

— BPriWi ot + etwtpit ((O'ka,t - 00)2 + Ulzi,t)

- ﬂpktwt ((Uka,t - Ua) Owa,t + O-kg,to-wﬁ,t) .

Notice that the first eight equations describe the evolutions of 6;, w;, the return of risky
intermediary debt Ry, and the expected excess return to direct capital holding in terms
of the two state variables, (6, w;) and the loadings, oy, and ogey, of the return to direct
capital holding on the two fundamental shocks in the economy.” The final two equations,
then, express oy, and oge; in terms of the state variables.

Before solving the final two equations, we simplify the equilibrium conditions. Notice first
that

(Oha,t000,t + Oke00et) = — (00 — 1) Okat (That — Ovan) — (61 — 1) Oner (Ther — o) s
and
1— 6w
URKt — HRbt = (U;%a,t + O']?;gﬂg — Oka,t0ba,t — ng,tabg,t) 1—;t
- Wit
Oy — w
— (Ufw + Ugm — Oka,tOba,t — ng,tUbg,t) —tl ' :
+ O¢ (<0ka,t - Uba,t) Pta + (O-kf,t - bei) \/ I pg,a> :
Thus,
Oy — w Qi — w
(1Kt — HRbe)+ (Uka,taea,t + Ok t00e,t) = ——— (Okat — O'ba,t)z_# (Ukzs,t - Ubﬁ,t)z
Qt — 1 1 — Wt 1 — Wt

+ o¢ ((Uka,t - Uba,t) Pea T (ng,t - Ubg,t) \/ 1— Péa) -

Using

B (etwt - wt) (Uka,t - Uba,t) = (29twtpkt + 4 (1 - Wt)) (Uka,t - Ua)
B (Orwr — wr) (Oker — Tver) = (201w + B (1 — wi)) Oken

9Recall that we have also expressed the price of capital in terms of the state variables.
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we can thus express the drift of w; as

1
Mot = _620} (204wipre + B (1 — Wt))2 [(aka,t - Ua)2 + U;%g,t]
t
o
+ B_Ci (201wt + B (1 — wr)) ((Uka,t — 04) Pea+ Oresr/1 — p@)
t
1—w of 1 ,
+ L |:(ph__§)—_+(1)(lt)9twt:| .
Wt 2 Pkt
Substituting the risk-based capital constraint, this becomes
! (26 +B8(1—w))? o2 —2 4-6;2
wt = — = w —w 0, — 2040%q —
Heot B, tWtDkt t kat T 75
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Wt 2 Pt
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072
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W 2 Pkt

(201wippt + B (1 — wy))
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oeq /1 — pgﬁa

Og (Wt, 675) =0 (zetwtpkt + 8 (1 - Wt)) .

Buwy

Substituting into the drift rate of intermediary leverage

pror = P (i) (1 — Opwr) — pot + Uga,t + Ugg,t
= 8o (wr, 0r) + Su (Wi, 01) Orar + Se (Wi ki) Oret,

where

20,wipre + B (1 — Wt)>2 915__2
Buwy

So (wi, 0) = ® (i) (1 — Ooy) — Op (wr, 0;) + ( "
) - Oa (Wn 9t)

20,wipre + B (1 — wy)
Buwy

Sa (wt,et) = —20'a (
Sﬁ ((,L)t, Qt) = —OE (wt, Gt) .
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Similarly, the excess return on capital is given by

1 —9twt
1 — Wt

+ o¢ <0ka,tp§,a + opery /1 — p?,a)

. Qt__Z 1-— Htwt _ ﬂ (1 — Qtwt) -+ 20twtpkt Ht__z
a2 1w B(1—w) a?

B (1 - Wt) + 20,wepe <
aVka a a ]- — p? )
* B(1—w) OaOkat + 0¢ \ TkatPea T Oheer\/ 1~ Pea

o — 2wl pre 9;2 B(1 — wi) + 20,0pre
= OaOkat
B(1—w) B(1— wy)

+ o¢ (Uka,tpé,a T Oket 1 - Pg,a> )

0w — w
2 2 twit t
KRkt — Tft = (Uka,t + ng,t) + (Cka,tObat + Oke 00 t) —————

]_—wt

The excess return on intermediary debt is given by

0w — w 1 — 6w
= (o2 2\ Ui — Wt
HRb,t Tyt (O-ba,t + Ub{,t) 1_ s + (O-k:a,to-ba,t + ng,tgbg,t) 1 _ W,
+ O¢ <O-ba,tp§,a + Ouet \/ 1 - pg,a>
_ Oy — wy B (1 — ) + 201w pre 2 E
1 —wy B <9twt - Wt) a?
" <9twt — wt) (B (1—wy)+ 29twtpk:t)2 2
1 —wy B (Qtwt - Wt) ¢
9 (etwt - Wt) o4 (1 - etwt) + 29twtpkt) (ﬁ (1 - Wt) + 29twtpkt>
- Oka,tOa
1-— Wt B (Qtwt — Cdt) B (Htwt — wt) ’
_ 1 —0wy \ B (1 - etwt) + 29twtpkt Qt__Q
Oy — wy B (1 - Wt) a?
i (1 - etwt) B (1 - Wt) + 29twtpkto_ ok
1 —wy B (‘L)twt - Wt) @kt
+oep {_5 (1 = Qpwr) + 2040 ppe - B(1—w)+ 29twtpkto_ ]
S ﬁ (etwt Wt) o 5 (etwt - Wt) ¢

/1 ﬂ — Opwr) + 204w pre -
it
etwt - Wt) ¢

Notice also that we can now derive the risk-free rate. Recall that, in the unconstrained
region, the risk-free rate satisfies the household Euler equation

0-5 dCt
—(pn— =) +=E _ g
L (p g ) dt { ¢ ] dt

2

(de,)? | (e, d§t>2] |
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Applying It6’s lemma to the goods clearing condition, we obtain

dct = d (KtAt — itktAt)

== Atth + (Kt - itkt) dAt - Atktdit - Atitdk't - k't <d7;t, dAt> .

From the financial intermediaries’ optimal investment choice, we have

' 2 2 1 0.2
dzt: % (//LRk,t_])__a_?—i_)\k_o-a (Ukat g )) dt
kt

24 .9
b
+ —%Qz ke ((a;m,t — Ua)2 + O',%g}t) dt

2 2 2 2
+ % (Uka,t - Ua) dZat + ¢0¢21pkt O'k&tngt.
Thus
dCt _ 0'2 Gtwt . X
1k —a+ e o N (i) (1—
dt |: :| at 2 k + 1-— Z.tetwt (Zt) ( Zt)

O.w 2 2 1 o2
Wi ) ¢o¢1pkt (MRk,t L (a+ Ja _ .

1-— Ztetwt 2 2

Oy ) ¢g¢1pit

2 2
1-— Ztetwt 4 ((Uka,t B Ua) + ng’t)

2402 2
(aa (i) 5 o)

i dCt
dt
01w ¢3¢1pit ’
Oket
1-— Ztetwt 2

deud 0 2hp?
<Ct ft ] o (00 — ( t.wt )%@blpktaka’t) Pea

Pht

_l_

1-— Zté’twt 2

Oy Q%Cblpit
_ J1=p2
O¢ ((1 — itOtwt) 5 Ok&t Pta

Figure 10 plots the three components of the risk-free rate as a function of intermediary
leverage (upper left panel), the wealth share of the intermediary (upper right panel), and
the volatility of the excess return to capital (lower panels). We see that the precautionary
savings motive dominates the consumption growth component, and even more so as leverage

increases.
Recall that, in equilibrium, we have

0.2

1 — 40wy = (ph - 55) Dkt (1 - Wt) )
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Figure 10: Equilibrium Risk-Free Rate
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with Liquidity
Shock
Correlation
w~ith Liquidity
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Shock
at ket

NoTEs:  Equilibrium risk-free rate as a function of intermediary leverage (upper left panel),
the wealth share of the intermediary (upper right panel), and the volatility of the excess return
to capital (lower panels). “Consumption growth" refers to the component of the risk-free rate
that’s due to the expected consumption growth rate. “Precautionary saving" is measured as the
contribution to the risk-free of the variance of the consumption growth rate. “Correlation with
Liquidity Shock" is measured as the contribution to the risk-free of the correlation between the
consumption growth rate and the liquidity shock d§;. The equilibrium risk-free rate is then given
as the lower boundary of the shaded region in each graph.

so that
L dn AV
it 4 Pe =\ Jpel=w) | =mp
_ Pkt
5(1—%)
and

Oy Pd1 _ B (1 —wp) + 20,wippy
1-— itetwt 4 Pit ﬂ (1 - wt)

1+
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Substituting into the expression for the risk-free rate, we obtain

oF o2 B (1 —w) + 20w
B Y% _ %, t tWePkt
(o) (o 5 o) TSR

00— = 2 (e )
_ Owpr ((72 n Qt__Q B 20kat0a) _ < 2pgithw )2 Qt__2
Bl—w) " a? ’ B(l—w)) o2
2 B(1 — wi) + 20,00t ? 2pribiwy o
‘ ( 1 —w) ) B(1 =) e et

Apribor (B (1 — wy) + 201w i
B(T—w) ( B(1—w) ) e

oo B (1 = wi) + 2010 n 2pribiwy oo 1— 2 o
e\ Bl —w) Bl —w) 7V e

We can now solve for the return on capital. In particular, we have

B 2wl 0,7 B (1 —wi) + 20,wipie
KRkt =Tft — 57—~ 5 T+ TaOkat

B(l—w) o? Bl —w)

+ O¢ <O-ka,tp§7a + Oke it/ I pg,a>

2

o 2 1—wy)+ 260
Z(Ph——ﬁ)—l-(a—l-%—)\k)ﬁ( Wt) tWiPkt

2 B (1 - Wt)
0oy . . 20w Dr ( 1 )
P () (1 — %) — ———— - —
1 — 440y ( t) ( t) 5 (1 - Wt) PRkt Pkt
_ 30wt E B (1 - Wt) + 40twtpkt0_ o
B —w) a? B(1—w) et
_ 2 O Pie n (5 (1—w)+ 29twtpkt>2
CAB(—w) B(1—w)
4piOpwy <5 (1—w)+ 29twtpkt) S
B(1—w) B(1—w) it
— 0,0¢p (ﬁ(l = ) +29twtpkt> — (21”“—9'5%)2 0;°
aerea B(1—w) Bl—-w)) a2
B (1 —we) + 260,wippe
+ O- aU a
B(1—w) ¢P¢,a0kat

B (1 — wy) + 20,0k
\/1—p? )
+ B(1—w) O¢ P aOket

Solving for pipk ¢, we obtain

Prir = Ko (we, 0r) + ICq (wr, 01) Opar + Ke (Wi, 01) Oke s,
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where

B(1—w) ‘72 Oy . )
K 0,) = R e () 1-—
‘ (Wb t) ﬁ (1 - Wt) + 29twtpkt 2 * 1 — 20w, <Zt) ( Zt)
4 2«9twt
— 040¢Ptq
B (1 —wy) + 20,wppe e,
o2 0w Dit < 4Dy 00y )
+a+ 5= —
2 k ﬁ (1 — wt) -+ 29twtpkt ﬁ (1 — Cdt)
2 ( 010 Diet (5 (1 —w)+ 29twtpk:t))
— O'a +
B (1 — wi) + 2601w ppe B (1 —w)
B (1 —wy) + 460,wpre 4piOpy

Ko (wt, 01) = 0¢pea +

O+ —7——04

B (1 —we) + 20,weppe B(1—w)
IC£ (wt, 9,5) = 0¢y/ 1— pg,a'

We can now express the risk-free rate in the economy as

R 2wibipre 0, B(1—w)+ 29twtpkt0 o
— MRk, = N 5 a9ka,
T T B —w) a? B(1—w) !

— 0¢ (O‘]m’tp&a + okean /1 — P?,a)

= Ro (wr, 0r) + R (wr, Or) Orar,

where

200 s ‘9;2
Ro (wi, 0:) = Ko (wy, 0;) + mﬁ
B (1 - Wt) + 204w Prt

7:\)/a (wh Qt) = IC(I (wta Ht) - 6 (1 w ) Oa — 0¢f¢a-
- Wi

Substituting into the excess return on holding intermediary debt, we obtain

Lrbt = Bo (Wi, 0:) + Ba (Wi, ) Oar + Be (Wi, 0) One s

where
Oy — wy B (1 — Oiwr) + 260w ppe 2 ‘9;2
B 0,) =R 0 -
) = Ro )+ (2 ) (Pl B ) B
n (etwt — Wt) (5 (1—w)+ 2‘9twtpkt)2 2
1 —wy B (Htwt - Wt) ¢
B (1 - Wt) + 204w Pt
+ 0 w04
¢, B (Qtwt - Wt)
_ 1—0wy \ B (1 - Qtwt) + QQtthkt ‘915__2
Or0p — wy B(1—w) o?
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1= 0w\ B (1 —wp) + 201wippe
Ba ) ;) = Ra ) 0 a 2
(1) = Ro () (it ) 2+ B 20
9 (Qtwt - wt) <5 (1 — Ouwy) + 2‘9twtpk:t> <5 (1 —w)+ 29twtpkt)
_ g
1 —w B (etwt - Wt) B (Qtwt - Wt)
—Gep (5 (1 = Owy) + QQtthkt)
Pea B (O — wy)
B (1 - Htwt) + 20,0 pie
B 0,) =R 0,) — 1 — p? ) 21
¢ (we, Or) ¢ (Wi, 00) — o¢ Pea B (Oywy — wy) (1)
Notice that
Prt (201wipie + B (1 — wy)) K¢ (wi, 01) — BprewiOg (wy, 0;) = 0.
Using these results and the risk-based capital constraint, we can rewrite
(. 4
0= 9twt (1 — Qtwt) d (Zt> Pt — m
1 _ o
+ Pt (20, wipre + B (1 — wy)) | prrs — p_ —a— o + X — 04 (Tkar — 04)
kt
— BPriwihe, — DPit (etwtpkt + (1 - Wt)) ((0-k‘a,t - Ua)2 + UZ@)
as
) 9 4
0 = oy (1 - etwt) P (Zt) Pre — m
1 o2
+ it (2010 + B (1 — wy)) (,URk,t T oon a- + X — 00 (Okay — Ua)>
kt
0—2
— Bprwitte, — Dt (Grwipre + B (1 — wy)) (? + 02 - QUka,tUa>
= Co (wy, 0) + Cq (Wi, 01) Okaps
where
) 9 4
Co (Wt7 Qt) = Oy (1 - ‘gtwt) @ (Zt) Pt — 55 (22)
oR{oh

0—2
— pit (Orwrprr + 5 (1 — wy)) (ﬁ + UZ)

1 o2
e @+ 5 (1= ) (Koo 6 = - =0+ %)

Pkt 2
— BprewiOo (Wta 0:)
Ca (Wi, 0r) = pre (2010ep1e + B (1 — wy)) Ko (wi, 0) (23)
— BpriwiOa (Wi, ) + preB (1 — wi) 04

o4



Solving for o, ¢, we obtain

Cras = _Co (wtaet)
ot Cq (Wn Qt)'

Substituting into the risk-based capital constraint, we obtain

915__2 — o2+ Co (we, Or) ’
Oé2 ket Ca (Wt, 0,5) ’

so that

87 (Colwn )
ket Oé2 Ca (wt, Qt) '
We can further simplify the above expressions by substituting for Oy, O,, Ky, and I,. Notice
first that

Cq (wt, 9t) = Pkt (29twtpkt + 8 (1 - wt)) Ka (wt, 9t)
— BpiwOq (W, 01) + DS (1 — wi) 04
= Pt (20wwipre + B (1 — wy)) (Ko (wi, 0) — Uﬁpﬁ,a)

+ Pt {—% (20w + B (1 — wt))2 + B8 (1 —w) Ua}

= Pkt <5 (1 - Wt) + 49twtpkt + ;(plkt—% (zetwtpkt + 5 (1 - Wt))) Oq
+ Prt {—% (20,wipre + B (1 — wt))2 + 08 (1—w) Ua}
_ Qngkt (1 C_Utwt> (20,ppe + B (1 — wt))z'

Similarly,

4
Co (OJt, 91&) = etwt (1 - etwt) o (Zt) (pit - m>

672
— Dkt (etwtpk:t + 8 (1 - Wt)) (? + UZ)

1 2
+ it (201w0ipre + B (1 — wy)) (ICO (wi, 0;) — — —a+ Ja )\k)

Pt 2
— BprewiOo (wy, ;)
‘ 4
= Oy (1 — Owy) P (iy) (pit - m)

0—2
— pit (Orwrpre + B (1 — wy)) <# + 03)
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0wy

B (1= ) g (i) (1)

Apribur \ 0,72
(B(1—w)+ 2‘9twtpkt>2
ﬁ (1 - Wt)
2

+ % (20,wipper + B (1 — Wt))Z (02 + 9012—2) — Bpre (1 — wy) @ (i) Oy

- etwtpit (3 +

— 0 ipkt <9twtpkt +

Collecting like terms, we obtain

4
Co (Wt; 9t) = Oy (1 - etwt) P (Zt) (pit - _)

P01
. I —1

_ Bpkt (]_ — wt) Qtwt@ (Zt) <]. — thgtwt)

9 Pkt 2
+ —— 120w + B (1 —wy))” — B (Oworpr + (1 — Wt))}

2B

Q 4p0

- ?%etwtpkt (35 + fkt Z:Ut)
— Wy
+ UZpkt (20wipre + B (1 — Wt)) — B (20wwipre + B (1 — Wt))}
‘B
oDkt (B (1 —wy) + 29twtpkt)2
— o=
5 (1 — wt)
0,2 w
_é% 1 —twt (29twtpkt + 8 (1 - Wt))2
2pk (20:wepke + B (1 — wy)) @ (2o 51 =) + 1~ w
‘B I —w
Thus
Thas = _Co (wt, 01)
o Ca (Wt, Qt)
9 2 2 < 1— Wt >
=—Fto, |1+ .
a? ¢ (20iw0ipie + B (1 — wy))

C CONSTANT LEVERAGE BENCHMARK

We begin by solving for the equilibrium dynamics of the intermediaries’ wealth share in the
economy. Recall that the capital held by the intermediaries is given by

kt = thKt.
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Applying It6’s lemma, we obtain

dkt o dwt + th
kt N Wt Kt
= (ftoot + D (i) Owy — M) At + 00201 + 01 dZc .
Recall, on the other hand, that intermediary capital evolves as

dk 4
k—t = (D (i) — ) dt.
t

Thus, equating coefficients, we obtain

Owat = 0
Owet = 0
Mot = d (Zt) (1 — 90&)1/) .

Consider now the wealth evolution of the representative household. From the households’
budget constraint, we have

dwht o 0'2 1-— H_wt Wt (6_ — 1)
o (rft — Pr Tt 5 dt + 11—, (dRkt — rpdt) + 1—w, (dRy — rpedl)

On the other hand, from the definition of w;, we obtain

dwpy _ d ((1 - Wt) PktAth)
Wht (1 - Wt) pktAth
. dpkt dAt th Wt dwt <dpkt dAt>

TR e
Dkt Ay K, 1—w w

e Ay
Equating coefficients once again and simplifying, we obtain
Oba,t = Oka,t

Ovet = Okt

T/ % _ +® (i)
HURbt = HREt " ( 7_ 1) Ph 5 D t

We now turn to solving for the equilibrium price of capital. The goods clearing condition in
this economy reduces to

o? -
Ph — o (1 - Wt) Pre = 1 — 10w

Substituting the optimal level of investment

. 1 ¢(2)¢% 2
= — — 1
1t ¢1 ( 4 pkt )
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we obtain that the price of capital satisfies

2
(Ph—%> (1_wt)pkt—]-_ Y <¢04 pkt 1)‘

Then the price of capital satisfies

0 = Owepi, + B (1 — wy) pre — (ewt + ¢1)

¢o¢2

or:

—B(1 —w) + \/52 (1-— wt)Q + fgé%t (éwt + qbl)

Pkt = 20—wt
Applying It6’s lemma, we obtain
_ d dpre\*>  dw d dw, 4 dw
Ozewtpit 2&+< pkt> +_t +6(1_Wt)pkt&_ 51%5 29 t-
Dkt Dkt Wt Dkt 1— ¢o¢

Equating coefficients and simplifying, we obtain

Okat = Oq

ng,t =0
2

1 o
frkg = — +a+ - — A
Dkt 2

P (iy) (1 — Ouy) ( 46 wy __— )
- — — Bpit + 0wy, | -
Pt (29thkt + 3 (1 - wt)) & okt

¢(2)¢% I —w
Finally, consider the equilibrium risk-free rate. Notice that

@ o d ((1 — itgwt) Ath)

Cy (]_ — itéwt) Ath
dAt th éwt di itéwt dwt éwt < . dAt>

- At Kt B 1-— ite_wt b 1-— i,ﬁwt U.)_t B 1-— ite_wt " Tt
and
( ot o
Ph — 7) 1 (p B T) dpk dpk 2
dip—a [ 2 L) A2 2_t+<_t> |
' B Pht ¢1 B Prt Pkt Pkt
Using



the risk-free rate is thus given by

o2 1 de 1 de
_ _ ¢ = il I e
e (ph 2 ) " tht { Ct } tht K Ct >]

2 2
Uf — Ua . )
= ph_7 +(I—?+q)(2t)9wt—>\k
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