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Introduction

@ The Riemann zeta function ((s), defined by

()= =TT -p )" (Rs) > 1),

n=1

@ Riemann Hypotbhesis:

All the nontrivial zeros of the Riemann zeta function are complex numbers

with real part 1/2.
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o Lindelof Hypothesis:
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Introduction

o Lindelof Hypothesis:
¢(1/2 +it) = O(t),

for any € > 0.

@ Moments of the Riemann zeta function given by

T
Ik(T):/O 1C(1/2 + it)|** dt.

@ More precisely, one can prove that

((1/2+4it) = O(t) < Ii(T)=0(T'*%), VkeN.
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Introduction

@ In 1918, Hardy and Littlewood [7]: I1(T) ~ TlogT.
e In 1926, Ingham [10]: I;(T) = TPi(logT) + O(T*/**€) , and

I,(T) = %(mg T)* +O(T(logT)?). (1)

e In 1979, Heath—Brown [8]:
I,(T) = TPy(log T) + O(T7/8+6) . 2)

@ In 1998, Keating and Snaith [12] proved the asymptotic formula
Ii(T) ~ ¢, T(log T)**, where

_ gk ag
Cr = (k2)'7
with
k-1 . 1 k%2 oo F(m—|—k) 2
= kj2' J , ar = <1_> ( > —-m
w= g w=110=5) 2 Garm
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Introduction

@ In studying the 2k-th moment of the Riemann zeta function, correlation sums
of the form

Dp(X,h) = > 7i(n)me(n+h), heN#0,
n<X

make a prominent appearance, where

Tr(n) = Z 1.

n=ninz---nNg
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@ In studying the 2k-th moment of the Riemann zeta function, correlation sums
of the form

Dp(X,h) = > 7i(n)me(n+h), heN#0,
n<X

make a prominent appearance, where

Tr(n) = Z 1.

n=ninz---nNg

@ Let us consider the fourth moment of the Riemann zeta function I2(T). In
proving (1) and (2), Ingham and Heath-Brown used asymptotic formula for
Dy(X, h).

o Knowing a sharp error term for the correlation sum D3(X, h) also leads to an
asymptotic formula for the sixth moment of the Riemann zeta function
I5(T). This problem was first studied by Conrey—Gonek [2], and later Ng [16]
showed that one can in fact obtain an asymptotic formula.
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Introduction

@ In this work, we are interested in sums of the form

Drz(X,h) =Y 7z(n)r7(n+h),
n<X

where 7 = {ay,...,a;} and J = {b1,...,bs} are multi-sets of complex
numbers which we refer to as shifts, and 77 is the generalized shifted divisor
function given by

()= Y nyMny® ok
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Survey of Unconditional Results

Recall the expression for Do(X, h) given by

Dy(X,h) =Y 7(n)r(n+h), heN.
n<X

e In 1927, Ingham [11]: Dy(X,h) ~ So_1(h)X (log X)?, where
0'_1(h) = Zd\h d-1.
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uniformly for 1 < h < VX.

e In 1979, Heath-Brown [8]: Dy(X,h) = X P, 2(log X) + E(X, h), where
E(X,h) < X°/6%¢ for h < X°/6.

@ In 1982, Deshouillers and Iwaniec [4]:

Da(X,h) = X Py o(log X) + O (X2/3+6) . (3)
@ In 1994, Motohashi [15] proved that (3) holds uniformly for 1 < h < X20/27
@ In 1999, Meurman [14] improved the error term to

O((L(l + h))1/3+6 + (z(z + h))1/4$6 min (:51/4, h1/8+0‘/2)> ,

where a > 0 is a constant satisfying |p;(n)] < n%|p;(1)].
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Moving to the general case, for k,[ € N, we set

Dyy(X,h) =Y mr(n)n(n+h).

n<X
There are some unconditional results for Dy, o(X, h) where k > 3.

e In 2017, Drappeau [5]: Dy 2(X,1) = X Py(log X) + Oy (X179/k), for k > 4
and X > 2.

@ In 2018, Topacogullari [19] proved
Dyo(X,h) = X Py p(log X) + O(X '~ mt=5+¢ 4. X56/57+¢) for k > 4 and
positive integers h satisfying h < X15/19,
However, no unconditional results are known beyond that. For example, we do not
have an unconditional asymptotic formula for D3 5(X, h).
There are unconditional upper and lower bounds for Dy, ;(x, h).
o Daniel [3]: Dy (2, h) <i [, ( - u) 2 (log 2)2#2.
e Ng and Thom [17]:

1 Ck

_ loglog h
2k—2 , <D, .
252 [~ e 187 (1 +0n (S )> < Dix(@,h)
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Conditional Results for D3(X, h)

In 2023, Nguyen [18] studied

D3(X,h) = Y m3(n)ms(n+ h),
n<X

and established conditional results upon the following conjecture regarding the
averaged level of distribution for 74 (n) in arithmetic progressions.

Conjecture 1 (Nguyen, 2023)

Let € > 0. Then, for any k > 1, we have, uniformly in 1 < h < X$, the upper
bound

k-1 n<X n<X
n=h(mod q) (n, (hqq> ) -1

S Y oam-——~ Y nm)| < X
o (%)

q<X"F

as X — oo, where the implied constant is independent of h and only depends on €.
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Conditional Results for D3(X, h)

@ Assuming the Conjecture 1 for k = 3, one of the results established in [18]
gives an asymptotic formula for D3(X, h) with lower order main terms and
power savings in the error term.
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Conditional Results for D3(X, h)

@ Assuming the Conjecture 1 for k = 3, one of the results established in [18]
gives an asymptotic formula for D3(X, h) with lower order main terms and
power savings in the error term.

@ Our goal: extend the result as mentioned earlier of Nguyen by establishing
an asymptotic formula for the shifted ternary additive divisor sum
Dz,.7(X,1) where T = {0,0,0} and J = {81, B2, B3} with |5;] < J, for
1 < i < 3, for some positive constant 4.
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Statements of Results

Our main result assumes an upper bound for the averaged level of distribution of
T7(n) in arithmetic progressions.

Conjecture 2 (Vo, 2024)

Let e >0, and J = {f1, B2, B3} be a multi-set of distinct complex numbers.
Suppose that |5;| < 8, for all i € {1,2,3}, for some positive constant 6. Then

1
XX m- o X )] < X
Tl o vl@) =%
= n=1(mod q) (n,q)=1

as X — oo, where the implied constant depends only on € and §.
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Statements of Results

We now state the main result.

Theorem 1 (Vo, 2024)

Assume Conjecture 2. Let e >0, Z ={0,0,0}, and J = {f1, B2, f3} with

Bi # Bj for all i # j and 0 # |B;| < 4§ for all i, € {1,2,3} for some 0 < § < 6—56.
As X — 0o, we have

Dz,7(X,1) = Maing,7(X) + O (X0924+0F¢)

12/25



Statements of Results

Upon computing the residues by Maple in the above theorem, we obtain the
following corollary.

Corollary 1 (Vo, 2024)

3

1-8;
X +1 J 1 X
M(“'"I,J(X)=3§ (% || 4(1—ﬁj+ﬁi>(wc1+(#+M) co
— Bj

3
j=1 i=1; i#j

log(X log? (X
= (—62 = %61 T (—7(1) = %) CO)

2
2 (log(X)v + M)
21log(X)
c

1 X
il 9F <o +<d4+(’v+&)d2)>
3 3 3
1—

3 3
Z =t
-3 m H C(lfﬁj + B8;)

j=1 i=1; i#j
(2) B & (2) Y @ (2) (o 1 — 8
x(wA]. ©:1 =) + S10s XA 0.1 =5 + = (4P w1 ﬁj>)|w1=0))
2 x1=5;j S (3)
s E (m H C(1*Bj+5¢)Aj (1*ﬁj11*5]’))~
j=1 i=1; iF£]
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Lemmas

We start with the following combinatorial lemma, which is a lemma of Hooley [9]
for 3(n).

Ifn < X, then

m3(n) = Y 1=23%1(n)—3%s(n)+ Ts(n),

l1l2l3:n

where

Si(n) = > 1,

lllglgzn
L1 <X?/3; 1 <x1/3

Ta(n) = > 1,

lllglgz’n
Lila<X2/3; 1 13<X /3

Ssn)= Y. L

l1l2l3:n
l1,l2,l3<X /3




Lemmas

Next, we consider a Dirichlet series generated by 77(n).

Consider J = {1, 82,0s}. For any h > 1 and R(s) > 1, we have

> TJT(?) = ((s+ B1)C(s + B2)C(s + B3)

(n,h)=1
1 1
x H < S+51> (1 a p5+ﬂ2> <1 o p8+[33) ’

plh
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Lemmas

Next, we consider the multidimensional Perron’s formula [1].

Let f : N* — C be an arithmetic

function in k-variables, and let (oq,, ..

k-tuple of the abscissas of absolute convergence of the associated Dirichlet series

We have for non-integral values x4, . . .

c1 > max(0,0q,),. ..

A )
fla, .l
F(wy,...,wg) = E Tk
1eoslp=1 ! W
, Tk 2 17
scp > max(0,04,), and Ty > 1,--- T > 1,
c1+iTy cp+iT LU Wk
1 k
F(wy, ..., w) duwy,

E s 1 .
Ho0 sl (2mi)k

11<@1 ..\l <ap

/c,ciT,c

1

1—iT7

oo
.ol ek TG
T Tk ©°1 . %k

1 k
1,0 lpg=1
where

Q(Xq, ...

" max(n Ty | log(zy /1g)], 1)

(

max (7T |log(x1/l1)], 1)

.,0q,) be the

)

16725
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Sketch of Proof

o Step 1: Apply Lemma 1 for 7z(n) in Dz, 7(X,1), we have
Dz 7(X,1) = 3%11(X) — 3Z21(X) + 31 (X).

Note: The procedure is similar for the three terms, so we only need to
consider the first term X1 (X).
Now, making a change of variable in the I3 sum, we have

le(X) = Z Z Z Tj(lllgl3 + 1)

X
h<XU/8 1, < X208 < ity

2. 2 > )

L<X1/3, o x2/3 n<X+1
22700 p=1(lls)
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Sketch of Proof
@ Step 2: Implement the Conjecture 2 as previously outlined.

S = > )+ E(YiLg),

nEl(:VLOd q) (n,q)=1

where
> E(Y;1Lg <YV

qSYQ/S
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Sketch of Proof
@ Step 2: Implement the Conjecture 2 as previously outlined.

S = > )+ E(YiLg),

nEl(:rLod q) (n,q)=1
where
Y E(Yilg) <Y

q<y?2/3

o Step 3: Employ the Dirichlet series by utilizing the 77(n) in Lemma 2
alongside truncated Perron’s formula.

S

S rln) = S Ress g =Gl B+ (s + Aol

s=1-pf>
n<Y _
nEl(;LOd q) s=1=F3
1 24,
+O [ =YY L B(Y;,9),
v(q)
where

1 1 1
fa(s) = H (1 - ps+ﬁ1> (1 - ps+62> (1 n ps+53> ’

18/25



Sketch of Proof

o Step 4: Apply the previous step to the last sum of ¥1;(X).

¥11(X)

IR

11<x1/3 x2/3 n<X+1
1= LSS n=1(119)

&+

1
————Ress—1_3 (s)
i (W(lllQ) z:1_ﬁ; S
11§X1/3l2§xf1/3 s=1—f3

(]
(]

1 . o
+O( (X 4 1)3/4+0+0 +‘> + E(X +1;1,1112)
w(ll2)

z : 1 X +1)°
Z 7}%653:1*51( +1) C(5+51)((3+B2)g(s+53)f1112(5)
wllilz) o1, s
llSX1/312<$/3 s=1—f3

=T

o) (X3/4+5+52+e)
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Sketch of Proof

o Step 5: Analyze and compute the main term of ¥17(X).

M (X)
= Z Z 1 ResS=1—51MC(3JF/BI)C(SJF/Bz)C(SJrﬂ:s)fllzz(S)
, ) esispy s
llgxl/slzﬁ‘xli/s s=1-p3

3 3
Z X+ 1) 5 1— 8,
=3 % I |<(1 _ﬁj +/Bl) § § : flllzgl l )/BJ) ,
Jj ;;% LL<x1/3 Z2SX12/3 4GP

with the indispensable assistance of multidimensional Perron's formula in
Lemma 3, and the subconvexity bound for {(s) due to Weyl [20] and
Hardy-Littlewood [13]: for A < 1, 1/2 < ¢ <1 and any € > 0, we have

C(o +it)] < (14 [¢])2AE 7o) Fe

20/25
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Conclusion

@ We investigated into the shifted convolution sum

Drs(X,1)=Y_ m(n)rs(n+1),
n<X

where Z = {0,0,0} and J = {1, B2, B3} with |3;| being sufficiently small for
i€ {1,2,3}.
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Conclusion

@ We investigated into the shifted convolution sum

Drs(X,1)=Y_ m(n)rs(n+1),
n<X

where Z = {0,0,0} and J = {1, B2, B3} with |3;| being sufficiently small for
i€ {1,2,3}.

@ In a joint work in progress with Dr. Alia Hamieh, we aim at extending our
results to include the case where Z = {ay, ag, a3} with non-zero complex
shifts «; that are sufficiently small in magnitude for i € {1,2,3}.

o Future work: extend the methods of Nguyen [18] to obtain an asymptotic
formula for the more general shifted convolution sum

Drz(X,h) =Y 7z(n)rs7(n+h),

n<X

where 1 <h < X%, T={a1,09,...,00} and T = {B1, Bo, ..., Bi}.
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