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Introduction
The Riemann zeta function ζ(s), defined by

ζ(s) =
∞∑

n=1

1
ns

=
∏

p

(1 − p−s)−1 (ℜ(s) > 1).

Riemann Hypothesis:
All the nontrivial zeros of the Riemann zeta function are complex numbers
with real part 1/2.
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Introduction

Lindelöf Hypothesis:
ζ(1/2 + it) = O(tϵ),

for any ϵ > 0.

Moments of the Riemann zeta function given by

Ik(T ) =
∫ T

0
|ζ(1/2 + it)|2k

dt.

More precisely, one can prove that

ζ(1/2 + it) = O(tϵ) ⇐⇒ Ik(T ) = O
(
T 1+ϵ

)
, ∀k ∈ N.
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Introduction
In 1918, Hardy and Littlewood [7]: I1(T ) ∼ T log T.

In 1926, Ingham [10]: I1(T ) = TP1(log T ) + O
(
T 1/2+ϵ

)
, and

I2(T ) = T

2π2 (log T )4 + O
(
T (log T )3)

. (1)

In 1979, Heath–Brown [8]:

I2(T ) = TP4(log T ) + O
(

T 7/8+ϵ
)

. (2)

In 1998, Keating and Snaith [12] proved the asymptotic formula
Ik(T ) ∼ ck T (log T )k2 , where

ck = gk ak

(k2)! ,

with
gk = (k2)!

k−1∏
j=0

j!
(k + j)! , ak =

∏
p

(
1 − 1

p

)k2 ∞∑
m=0

(
Γ(m + k)
m! Γ(k)

)2
p−m.

3 / 25



Introduction
In 1918, Hardy and Littlewood [7]: I1(T ) ∼ T log T.

In 1926, Ingham [10]: I1(T ) = TP1(log T ) + O
(
T 1/2+ϵ

)
, and

I2(T ) = T

2π2 (log T )4 + O
(
T (log T )3)

. (1)

In 1979, Heath–Brown [8]:

I2(T ) = TP4(log T ) + O
(

T 7/8+ϵ
)

. (2)

In 1998, Keating and Snaith [12] proved the asymptotic formula
Ik(T ) ∼ ck T (log T )k2 , where

ck = gk ak

(k2)! ,

with
gk = (k2)!

k−1∏
j=0

j!
(k + j)! , ak =

∏
p

(
1 − 1

p

)k2 ∞∑
m=0

(
Γ(m + k)
m! Γ(k)

)2
p−m.

3 / 25



Introduction
In 1918, Hardy and Littlewood [7]: I1(T ) ∼ T log T.

In 1926, Ingham [10]: I1(T ) = TP1(log T ) + O
(
T 1/2+ϵ

)
, and

I2(T ) = T

2π2 (log T )4 + O
(
T (log T )3)

. (1)

In 1979, Heath–Brown [8]:

I2(T ) = TP4(log T ) + O
(

T 7/8+ϵ
)

. (2)

In 1998, Keating and Snaith [12] proved the asymptotic formula
Ik(T ) ∼ ck T (log T )k2 , where

ck = gk ak

(k2)! ,

with
gk = (k2)!

k−1∏
j=0

j!
(k + j)! , ak =

∏
p

(
1 − 1

p

)k2 ∞∑
m=0

(
Γ(m + k)
m! Γ(k)

)2
p−m.

3 / 25



Introduction
In 1918, Hardy and Littlewood [7]: I1(T ) ∼ T log T.

In 1926, Ingham [10]: I1(T ) = TP1(log T ) + O
(
T 1/2+ϵ

)
, and

I2(T ) = T

2π2 (log T )4 + O
(
T (log T )3)

. (1)

In 1979, Heath–Brown [8]:

I2(T ) = TP4(log T ) + O
(

T 7/8+ϵ
)

. (2)

In 1998, Keating and Snaith [12] proved the asymptotic formula
Ik(T ) ∼ ck T (log T )k2 , where

ck = gk ak

(k2)! ,

with
gk = (k2)!

k−1∏
j=0

j!
(k + j)! , ak =

∏
p

(
1 − 1

p

)k2 ∞∑
m=0

(
Γ(m + k)
m! Γ(k)

)2
p−m.

3 / 25



Introduction

In studying the 2k-th moment of the Riemann zeta function, correlation sums
of the form

Dk(X, h) =
∑
n≤X

τk(n)τk(n + h), h ∈ N ̸= 0,

make a prominent appearance, where

τk(n) =
∑

n=n1n2···nk

1.

Let us consider the fourth moment of the Riemann zeta function I2(T ). In
proving (1) and (2), Ingham and Heath-Brown used asymptotic formula for
D2(X, h).
Knowing a sharp error term for the correlation sum D3(X, h) also leads to an
asymptotic formula for the sixth moment of the Riemann zeta function
I3(T ). This problem was first studied by Conrey–Gonek [2], and later Ng [16]
showed that one can in fact obtain an asymptotic formula.
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Introduction

In this work, we are interested in sums of the form

DI,J (X, h) =
∑
n≤X

τI(n)τJ (n + h),

where I = {a1, . . . , ak} and J = {b1, . . . , bℓ} are multi-sets of complex
numbers which we refer to as shifts, and τI is the generalized shifted divisor
function given by

τI(n) =
∑

n=n1n2···nk

n−a1
1 n−a2

2 · · · n−ak

k .

5 / 25
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Survey of Unconditional Results
Recall the expression for D2(X, h) given by

D2(X, h) =
∑
n≤X

τ(n)τ(n + h), h ∈ N.

In 1927, Ingham [11]: D2(X, h) ∼ 6
π2 σ−1(h)X(log X)2, where

σ−1(h) =
∑

d|h d−1.

In 1931, Estermann [6]: D2(X, h) = XPh,2(log X) + O
(
h1/6X11/12 log3 X

)
,

uniformly for 1 ≤ h ≤
√

X.
In 1979, Heath-Brown [8]: D2(X, h) = XPh,2(log X) + E(X, h), where
E(X, h) ≪ X5/6+ϵ for h ≤ X5/6.
In 1982, Deshouillers and Iwaniec [4]:

D2(X, h) = XPh,2(log X) + O
(

X2/3+ϵ
)

. (3)
In 1994, Motohashi [15] proved that (3) holds uniformly for 1 ≤ h ≤ X20/27

In 1999, Meurman [14] improved the error term to

O
(

(x(x + h))1/3+ϵ + (x(x + h))1/4xϵ min
(

x1/4, h1/8+α/2
))

,

where α > 0 is a constant satisfying |ρj(n)| ≤ nα|ρj(1)|.
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Survey of Unconditional Results
Moving to the general case, for k, l ∈ N, we set

Dk,l(X, h) =
∑
n≤X

τk(n)τl(n + h).

There are some unconditional results for Dk,2(X, h) where k ≥ 3.
In 2017, Drappeau [5]: Dk,2(X, 1) = XPk(log X) + Ok

(
X1−δ/k

)
, for k ≥ 4

and X ≥ 2.
In 2018, Topacogullari [19] proved
Dk,2(X, h) = XPk,h(log X) + O

(
X1− 4

15k−9 +ϵ + X56/57+ϵ
)
, for k ≥ 4 and

positive integers h satisfying h ≪ X15/19.
However, no unconditional results are known beyond that. For example, we do not
have an unconditional asymptotic formula for D3,3(X, h).
There are unconditional upper and lower bounds for Dk,l(x, h).

Daniel [3]: Dk,k(x, h) ≪k

∏
p|h

(
1 − (k−1)2

p

)
x(log x)2k−2.

Ng and Thom [17]:

1
22k−2

ck

((k − 1)!)2 x(log x)2k−2
(

1 + Ok

( log log h

log x

))
≤ Dk,k(x, h).
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Conditional Results for D3(X, h)
In 2023, Nguyen [18] studied

D3(X, h) =
∑
n≤X

τ3(n)τ3(n + h),

and established conditional results upon the following conjecture regarding the
averaged level of distribution for τk(n) in arithmetic progressions.

Conjecture 1 (Nguyen, 2023)
Let ϵ > 0. Then, for any k ≥ 1, we have, uniformly in 1 ≤ h ≤ X

k−1
k , the upper

bound

∑
q≤X

k−1
k

∣∣∣∣∣∣∣∣∣∣
∑
n≤X

n≡h(mod q)

τk(n) − 1
φ

(
q

(h,q)

) ∑
n≤X(

n, q
(h,q)

)
=1

τk(n)

∣∣∣∣∣∣∣∣∣∣
≪ϵ X

1
2 +ϵ,

as X → ∞, where the implied constant is independent of h and only depends on ϵ.

8 / 25



Conditional Results for D3(X, h)

Assuming the Conjecture 1 for k = 3, one of the results established in [18]
gives an asymptotic formula for D3(X, h) with lower order main terms and
power savings in the error term.

Our goal: extend the result as mentioned earlier of Nguyen by establishing
an asymptotic formula for the shifted ternary additive divisor sum
DI,J (X, 1) where I = {0, 0, 0} and J = {β1, β2, β3} with |βi| ≤ δ, for
1 ≤ i ≤ 3, for some positive constant δ.
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Statements of Results

Our main result assumes an upper bound for the averaged level of distribution of
τJ (n) in arithmetic progressions.

Conjecture 2 (Vo, 2024)
Let ϵ > 0, and J = {β1, β2, β3} be a multi-set of distinct complex numbers.
Suppose that |βi| ≤ δ, for all i ∈ {1, 2, 3}, for some positive constant δ. Then

∑
q≤X

2
3

∣∣∣∣∣ ∑
n≤X

n≡1(mod q)

τJ (n) − 1
φ(q)

∑
n≤X

(n,q)=1

τJ (n)

∣∣∣∣∣ ≪ϵ,δ X
1
2 +ϵ,

as X → ∞, where the implied constant depends only on ϵ and δ.
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Statements of Results

We now state the main result.

Theorem 1 (Vo, 2024)
Assume Conjecture 2. Let ϵ > 0, I = {0, 0, 0}, and J = {β1, β2, β3} with
βi ̸= βj for all i ̸= j and 0 ̸= |βi| ≤ δ for all i, j ∈ {1, 2, 3} for some 0 < δ < 5

66 .
As X → ∞, we have

DI,J (X, 1) = MainI,J (X) + O
(
X0.924+δ+ϵ

)
.
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Statements of Results
Upon computing the residues by Maple in the above theorem, we obtain the
following corollary.

Corollary 1 (Vo, 2024)
MainI,J (X) = 3

3∑
j=1

(
(X + 1)1−βj

1 − βj

3∏
i=1; i̸=j

ζ(1 − βj + βi)

(
γc1 +

(
γ

2 +
log(X)γ

3

)
c0

+

(
−c2 −

log(X)

3
c1 +

(
−γ(1) −

log2(X)

18

)
c0

)
+

 2 log(X)

3
c1 +

2

(
log(X)γ + log2(X)

3

)
3

c0

 +

(
d4 +

(
γ +

log(X)

3

)
d2

))
− 3

3∑
j=1

(
X

1−βj

(1 − βj )2

3∏
i=1; i̸=j

ζ(1 − βj + βi)

×

(
γA

(2)
j

(0, 1 − βj ) +
1

3
log XA

(2)
j

(0, 1 − βj )) +
d

dw2

(
A

(2)
j

(w1, 1 − βj )
) ∣∣

w1=0

))
+

3∑
j=1

(
X

1−βj

(1 − βj )3

3∏
i=1; i̸=j

ζ(1 − βj + βi)A
(3)
j

(1 − βj , 1 − βj )

)
.
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Lemmas
We start with the following combinatorial lemma, which is a lemma of Hooley [9]
for τ3(n).

Lemma 1
If n ≤ X, then

τ3(n) =
∑

l1l2l3=n

1 = 3Σ1(n) − 3Σ2(n) + Σ3(n),

where

Σ1(n) =
∑

l1l2l3=n

l1l2≤X2/3; l1≤X1/3

1,

Σ2(n) =
∑

l1l2l3=n

l1l2≤X2/3; l1,l3≤X1/3

1,

Σ3(n) =
∑

l1l2l3=n

l1,l2,l3≤X1/3

1.
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Lemmas

Next, we consider a Dirichlet series generated by τJ (n).

Lemma 2
Consider J = {β1, β2, β3}. For any h ≥ 1 and ℜ(s) > 1, we have∑

(n,h)=1

τJ (n)
ns

= ζ(s + β1)ζ(s + β2)ζ(s + β3)

×
∏
p|h

(
1 − 1

ps+β1

) (
1 − 1

ps+β2

) (
1 − 1

ps+β3

)
.
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Lemmas
Next, we consider the multidimensional Perron’s formula [1].

Lemma 3
Let f : Nk → C be an arithmetic function in k-variables, and let (σa1 , . . . , σak ) be the
k-tuple of the abscissas of absolute convergence of the associated Dirichlet series

F (w1, . . . , wk) =
∞∑

l1,...,lk=1

f(l1, . . . , lk)
l
w1
1 · · · l

wk
k

.

We have for non-integral values x1, . . . , xk ≥ 1,
c1 > max(0, σa1 ), . . . , ck > max(0, σak ), and T1 ≥ 1, · · · , Tk ≥ 1,∣∣∣∣∣∣

∑
l1≤x1,...,lk≤xk

f(l1, . . . , lk) −
1

(2πi)k

∫ c1+iT1

c1−iT1

· · ·

∫ ck+iTk

ck−iTk

F (w1, . . . , wk)
x

w1
1 · · · x

wk
k

w1 · · · wk

dwk · · · dw1

∣∣∣∣∣∣
≤ x

c1
1 · · · x

ck
k

∞∑
l1,...,lk=1

|f(l1, . . . , lk)|

l
c1
1 · · · l

ck
k

Q

(
1

max(πT1| log(x1/l1)|, 1)
, . . . ,

1

max(πTk| log(xk/lk)|, 1)

)
,

where
Q(X1, . . . , Xk) = (X1 + 1) · · · (Xk + 1) − 1.
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Sketch of Proof

Step 1: Apply Lemma 1 for τI(n) in DI,J (X, 1), we have

DI,J (X, 1) = 3Σ11(X) − 3Σ21(X) + Σ31(X).

Note: The procedure is similar for the three terms, so we only need to
consider the first term Σ11(X).
Now, making a change of variable in the l3 sum, we have

Σ11(X) =
∑

l1≤X1/3

∑
l2≤ X2/3

l1

∑
l3≤ X

l1l2

τJ (l1l2l3 + 1)

=
∑

l1≤X1/3

∑
l2≤ X2/3

l1

∑
n≤X+1

n≡1(l1l2)

τJ (n).
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Sketch of Proof
Step 2: Implement the Conjecture 2 as previously outlined.∑

n≤Y
n≡1(mod q)

τJ (n) = 1
φ(q)

∑
n≤Y

(n,q)=1

τJ (n) + E(Y ; 1, q),

where ∑
q≤Y 2/3

E(Y ; 1, q) ≪ Y 1/2+ϵ.

Step 3: Employ the Dirichlet series by utilizing the τJ (n) in Lemma 2
alongside truncated Perron’s formula.∑

n≤Y
n≡1(mod q)

τJ (n) = 1
φ(q)Ress=1−β1

s=1−β2
s=1−β3

Y s

s
ζ(s + β1)ζ(s + β2)ζ(s + β3)fq(s)

+ O
(

1
φ(q)Y 3/4+δ+δ2+ϵ

)
+ E(Y ; 1, q),

where
fq(s) =

∏
p|q

(
1 − 1

ps+β1

) (
1 − 1

ps+β2

) (
1 − 1

ps+β3

)
.
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Sketch of Proof

Step 4: Apply the previous step to the last sum of Σ11(X).

Σ11(X)

=
∑

l1≤X1/3

∑
l2≤ X2/3

l1

∑
n≤X+1

n≡1(l1l2)

τJ (n)

=
∑

l1≤X1/3

∑
l2≤ X2/3

l1

(
1

φ(l1l2)
Ress=1−β1

s=1−β2
s=1−β3

(X + 1)s

s
F (s)

+ O
(

1
φ(l1l2)

(X + 1)3/4+δ+δ2+ϵ

)
+ E (X + 1; 1, l1l2)

)
=

∑
l1≤X1/3

∑
l2≤ X2/3

l1

1
φ(l1l2)

Ress=1−β1
s=1−β2
s=1−β3

(X + 1)s

s
ζ(s + β1)ζ(s + β2)ζ(s + β3)fl1l2 (s)

+ O
(

X
3/4+δ+δ2+ϵ

)
,
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Sketch of Proof

Step 5: Analyze and compute the main term of Σ11(X).

M
(1)
I,J (X)

=
∑

l1≤X1/3

∑
l2≤ X2/3

l1

1
φ(l1l2)Ress=1−β1

s=1−β2
s=1−β3

(X + 1)s

s
ζ(s + β1)ζ(s + β2)ζ(s + β3)fl1l2 (s)

= 3
3∑

j=1

 (X + 1)1−βj

1 − βj

3∏
i=1
i̸=j

ζ(1 − βj + βi)
∑

l1≤X1/3

∑
l2≤ X2/3

l1

fl1l2 (1 − βj)
φ(l1l2)

 ,

with the indispensable assistance of multidimensional Perron’s formula in
Lemma 3, and the subconvexity bound for ζ(s) due to Weyl [20] and
Hardy-Littlewood [13]: for λ ≤ 1

6 , 1/2 ≤ σ ≤ 1 and any ϵ > 0, we have

|ζ(σ + it)| ≪ϵ (1 + |t|)2λ(1−σ)+ϵ.
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Conclusion

We investigated into the shifted convolution sum

DI,J (X, 1) =
∑
n≤X

τI(n)τJ (n + 1),

where I = {0, 0, 0} and J = {β1, β2, β3} with |βi| being sufficiently small for
i ∈ {1, 2, 3}.

In a joint work in progress with Dr. Alia Hamieh, we aim at extending our
results to include the case where I = {α1, α2, α3} with non-zero complex
shifts αi that are sufficiently small in magnitude for i ∈ {1, 2, 3}.
Future work: extend the methods of Nguyen [18] to obtain an asymptotic
formula for the more general shifted convolution sum

DI,J (X, h) =
∑
n≤X

τI(n)τJ (n + h),

where 1 ≤ h ≤ X
k−1

k , I = {α1, α2, . . . , αk} and J = {β1, β2, . . . , βk}.
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Thanks for your attention!
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