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L-functions of quadratic twists of elliptic curves
For an elliptic curve E/Q of conductor N = Ng, the associated Hasse-Weil L-function is

oo

_ N 2e(n)
L(s,E) = ; o for Me(s) > 1,
where |Ag(n)| < d2(n). This L-function extends to an entire function and satisfies
A(s, E) = (27\/?) F(s+3)L(s,E) = eeN(1 —s,E) with e ==£1.
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L-functions of quadratic twists of elliptic curves
For an elliptic curve E/Q of conductor N = Ng, the associated Hasse-Weil L-function is

oo

Ls,E)=Y" AE(S”)

n
n=1

for Re(s) > 1,

where |Ag(n)| < d2(n). This L-function extends to an entire function and satisfies

A(s, E) :== (g)sr(s + 2)L(s,E) = eeN(1 — s, E) with er = +1.

For any fundamental discriminant d coprime to 2N, E4 will stand for the quadratic twist
of E by x4 = (¢). The associated twisted L-function is

oo

_ N Ae(mxa(n)
L(s, Eq) = ; e
As (d, N) = 1, the conductor of E4 is Nd?, and one knows

%>sr(s+ DL(s, Eq) = ee(d)A(1—s, Eq) with eg(d) = eexa(—N).

A(s, Eg) = (
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For an elliptic curve E/Q of conductor N = Ng, the associated Hasse-Weil L-function is

oo
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for Re(s) > 1,

where |Ag(n)| < d2(n). This L-function extends to an entire function and satisfies

A(s, E) :== (g)sr(s + 2)L(s,E) = eeN(1 — s, E) with er = +1.

For any fundamental discriminant d coprime to 2N, E4 will stand for the quadratic twist
of E by x4 = (¢). The associated twisted L-function is

o,y = 32 2e0l)

n=1 n
As (d, N) = 1, the conductor of E4 is Nd?, and one knows
VN|d|
2w

A(s, Eq) := ( >sr(s+ 2)L(s, Eq) = ee(d)N(1—s, Eq) with ee(d) = eexa(—N).

By Waldspurger's theorem, L(3, Eq) > 0. As L(3, Eq) = 0 if ee(d) = —1, we consider
& ={d : d is a fundamental discriminant with (d,2N) = 1 and ez(d) = 1}.
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About central L-values

o Values of L(s, Eq) and its derivatives at s = 1 encode deep arithmetic information

(predicted by the Birch and Swinnerton-Dyer conjecture).
o (After Kolyvagin, Murty-Murty, and Bump-Friedberg-Hoffstein), there are infinitely
many of these values (and their derivatives) that are non-vanishing.

@ Asymptotic for the second moment of L(%, E4) was established by
Soundararajan-Young (under GRH) and Xiannan Li (unconditionally).
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About central L-values

o Values of L(s, Eq) and its derivatives at s = 1 encode deep arithmetic information

(predicted by the Birch and Swinnerton-Dyer conjecture).

(After Kolyvagin, Murty-Murty, and Bump-Friedberg-Hoffstein), there are infinitely
many of these values (and their derivatives) that are non-vanishing.

Asymptotic for the second moment of L(%, E4) was established by
Soundararajan-Young (under GRH) and Xiannan Li (unconditionally).

Goldfeld's conjecture: for almost all d € £, L(3, Eq) # 0.
Heath-Brown proved that under GRH for at least 1 of d € &, L(%, Eq4) #£0.

2
Smith proved that under BSD (and a mild condition), Goldfeld's conjecture is true!
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A conjecture of Keating-Snaith

As d ranges in &, log L(%, Eq4) shall behave like a normal random variable with mean
—1 loglog|d| and variance log log |d|.
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A conjecture of Keating-Snaith

As d ranges in &, log L(%, Eq4) shall behave like a normal random variable with mean
—1 loglog|d| and variance log log |d|. More precisely, for any fixed interval (o, 8),

log L(X, E4) + % log log |d
#{deS,X<|d|§2X: og L(3: Ea) + 3 log log | le(a,ﬁ)}
\/loglog |d|

= (W(a, B) +o(1))#{d € £ : X <[d| <2X},

as X — oo, where

B
W(a, B) = / \/%e*tz/zdt,

and the kernel of the integral is the probability density function of a standard normal
random variable (i.e., with mean 0 and variance 1).
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A conjecture of Keating-Snaith

As d ranges in &, log L(%, Eq4) shall behave like a normal random variable with mean
—1 loglog|d| and variance log log |d|. More precisely, for any fixed interval (o, 8),

log L(2, Ey) + 1 log log |d
#{deS,X<|d|§2X: og L(3: Ea) + 3 loglog | |e(a,5)}

\/loglog |d|

= (V(o, B) +o(1))#{d € £: X < |d| < 2X},
as X — oo, where

B
W(a, B) = / \/%e*tz/zdt,

and the kernel of the integral is the probability density function of a standard normal
random variable (i.e., with mean 0 and variance 1).
This can be seen as a generalisation of Selberg's central limit theorem asserting that

log (5 +it)|

/1
5 loglog T

is approximately standard normal.
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Upper and lower bounds towards the Keating-Snaith conjecture for L(%, Eq)

Theorem (Radziwitt-Soundararajan, 2015 & 2023)
Unconditionally, for any fixed V € R, as X — oo,
log L(3, Eq) + 3 loglog |d| - v}

+/loglog|d| -

< (W(V,00) + o(1)#{d € & : [d| < X}.

#{de£,20<|d|§X:
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Upper and lower bounds towards the Keating-Snaith conjecture for L(%7 Eq)
Theorem (Radziwitt-Soundararajan, 2015 & 2023)

Unconditionally, for any fixed V € R, as X — oo,

log L(3, Eq) + 3 log log |d| - v}
\/loglog|d| -

< (W(V,0)+o(1))#{d € £ : |d| < X}.

#{d65,20<|d|§X:

Assume GRH for all L(s, E ® x) with Dirichlet characters x. Then for any fixed (a, 3),

log L(3, Eq) + 3 log log |d|
\/loglog |d|

= %(W(a,,@) +o(1))#{d € £: X < |d| < 2X},

#{de&X<|d|§2X: e(ayﬂ)}

as X — oo.

@ The factor % coincides with the proportion of non-vanishing L(%7 E4) established by

Heath-Brown under GRH.

@ Recently, Bui, Evans, Lester, and Pratt proved a full asymptotic for an analogue of
Keating-Snaith’s conjecture (with the vanishing central values assigned a weight
equal to zero).
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A conjecture of Radziwitt and Soundararajan

Based on Keating-Snaith’s conjecture, Radziwitt and Soundararajan formulated the

following conjecture regarding the distribution of orders of Tate-Shafarevich groups
]_H(Ed) Of Ed.

Conjecture (Radziwitt-Soundararajan, 2015)

Let E be given in Weierstrass form y* = f(x) for a monic cubic integral polynomial f,
and let K denote the splitting field of f over Q. Define c(g) € N so that c(g) — 1 is the
number of fixed points of g € Gal(K/Q), and set

u(E) = —% - % chogc(g) and o(E)=1+

1
|G

> (log c(g))?.

geG

Then, as d ranges over &, the distribution of log(|I1I(Ey)|/+/|d|) is approximately
Gaussian, with mean j(E)loglog |d| and variance o(E)? loglog |d|. Note that denoting
nk the degree of K, one has the following table of explicit values of u(E) and o(E)?.

nk 1 2 3 6
p(E) || —3 —2log2 Slog2 | —3 —2log2 | —3 — 2log?2

_I_ _
2 2
o(E)* || 1+4(log2)® | 1+ 2(log2)® | 1+ 5(log2)® | 1+ £(log2)?
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What is known?
When L(3, Eq) # 0, there is an analytic correspondence of |III(Eq)| defined by

Ed((@)tors‘2

E)=L(X E |7

S(E) = LG B (g, ) Tam(E,)°

where |E4(Q)tors| denotes the order of the rational torsion group of E4, Q(E4) is the real
period of a minimal model for E4, and Tam(Eq) = [], T»(d) is the product of the
Tamagawa numbers. (Note that under “rank zero” BSD, |II(Eq)| = S(Eq4).)
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What is known?
When L(3, Eq) # 0, there is an analytic correspondence of |III(Eq)| defined by

| Ed(@)tors ‘2

S(Ea) = L3 B E ) Tam(E)”

where |E4(Q)tors| denotes the order of the rational torsion group of E4, Q(E4) is the real
period of a minimal model for E4, and Tam(Eq) = [], T»(d) is the product of the
Tamagawa numbers. (Note that under “rank zero” BSD, |II(Eq)| = S(Eq4).)

Theorem (Radziwitt-Soundararajan, 2015)
Unconditionally, for any fixed V € R, as X — oo,

is bounded above by (V(V,00) + o(1))#{d € £ : |d| < X}.
Moreover, if BSD holds for elliptic curves with analytic rank zero, then the quantity
above is also an upper bound for

(1 log(|T11(Eq)|/+/Id]) — i(E) loglog ||
#{de€,20< d] < X : L(}, Eq) #0, R, > v}.

v
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A joint distribution conjecture

Conjecture (W., 2024+)

As d ranges over £, the joint distribution of log L(3, Eq) and log(|ILI(E4)|/+/|d]) is
approximately bivariate normal. More precisely,

log L(2, Ex) -+ 2 log log [d
#{de€,20<\d\§x: ogl(3, L) + 3 loglogld] _ (59

\/log log |d|
|°g(H—I(Ed)/\/W) — M(E) |0g IOg |d| c (052,52)}
v/o(E)?loglog|d|
is asymptotic to (Ze(a, B) + o(1))#{d € £ : 20 < |d| < X}, as X — oo, where

= 1 -1 Ta-ty 1 U(E)_l
Ze(e, B) :/ —— e 2" " Vdv, Rg= ( i .
- (c1,81)x (az,82) 2/ det(8RE) a(E) 1

o By slightly modifying an argument of Radziwitt-Soundararajan (2015), we showed
that the conjecture is valid “from above” (i.e. < holds unconditionally for sufficiently

Iarge 51, ﬁz)
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Towards the joint distribution

Theorem (W., 2024+)

Assume GRH for the family of twisted L-functions L(s, E ® x) with all Dirichlet

characters x. For any fixed o = (a1, a2) and B = (1, B2), as X — oo,

log L(%, Eq) + 3 loglog |d|
/loglog |d|

log(S(Eq)/+/1d1) — () loglog |d| _
o(E)?loglog|d|

#{deE,X<|d|§2X: € (a1, B1),

(042,/3’2)}
is greater or equal to
L (Eela, ) + o(1)#{d € £ : X <|d] < 2X}.

Furthermore, suppose that BSD holds for elliptic curves with analytic rank zero. Then
the above assertion is true with S(Eq) being replaced by |III(Ey)|.
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Consequences

@ The theorem implies the early-mentioned theorem of Radziwitt-Soundararajan.

@ Also, as X — oo, we have
#acex<iax. 108(S(E2)//Id]) — n(E) log log |d
v/o(E)?loglog|d|

= %(‘V(azﬁz) +o(1)#{d € £: X < |d| < 2X}.

€ (042»52)}

@ Again, under BSD for elliptic curves with analytic rank zero, the above assertion is
true with S(Eq) being replaced by |III( Ey)|.
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Following Soundararajan (a la Selberg)
Let x = X1/ loglogloe X 3nd define

P(dix) = 3 5P (o)
&

Assume GRH for L(s, Eq4), and let % =+ iv4 run over the non-trivial zeros of L(s, Eq4). If
L(%, E4) is non-vanishing, then for every d € £ with X < |d| < 2X, one has

1
log L(3, Eq) = P(d; x) — 3 loglog X + O<|og|og log X + Zlog (1 + W)),

Yd
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Following Soundararajan (a la Selberg)
Let x = X1/ 'oglogloe X 5nd define

P(dix) =) Af/(g) xd(p)-

ptNo

Assume GRH for L(s, Eq4), and let % =+ iv4 run over the non-trivial zeros of L(s, Eq4). If
L(%, E4) is non-vanishing, then for every d € £ with X < |d| < 2X, one has

1
log L(3, Eq) = P(d; x) — 3 loglog X + O(Ioglog log X + Zlog (1 + W)),

Yd

and
log(S(Eq)/\/1d]) — u(E) loglog |d|
= P(d;x) —C(d; x) + O((Iog log log X)* + Z log (1 + m)),

Yd

for all but at most < X/ logloglog X d € £ with X < |d| < 2X, where

cax)= Y (loeTold) - 1 bogc(s)).

log X<p<x

c(p) =1 + the no. of sol. of f(z) =0 (mod p), and E is given by the model y* = f(z).
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Weighted moments

Let h be a smooth even function such that h(t) < (14 t*)"

is compactly supported in [—1,1]. Fix b,c € R. Then for any L > 1 such that
el < X?271% e have

S (bP(d;x) + c(P(d; x) — C(d: X)) S <de) (ﬁ)

— X
iﬁi:g (1 - ;) $(0) (2 2106 X h0) + M O(L‘1)>

x ((b* + 2bc + o (E)?) log IogX) (Mi + o(1)) + O(X 2 *¢ed),

where the implied constants depend on b, ¢, and

{o if nis odd;
My =

W if k is even.

is the k-th moment of the standard normal random variable.
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An application of the Cramér-Wold device
Proposition

Let a; < f3i be real numbers, and set a = (a1, @2) and B = (B, B2). Let Hx(a, ) be
the set of discriminants d € £, with X < |d| < 2X, such that

RGP ; )= Pdx) —Cdix) o
\/WE( 1,81) and Qa(d;X) O(E)Zloglogxe( 2, B2),

while L(s, Eq) has no zeros 3 + 4 with |v4| < ((log X)(loglog X))™*. Then for any
0 >0, we have

01(d; X) =

Hx(a, B) > (% — 6) (Ze(a, B) + o(1))#{d € £ : X < |d| < 2X}.

@ We also invoked the existence theorem of bivariate normal random variables.
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An application of the Cramér-Wold device

Proposition

Let a; < f3i be real numbers, and set a = (a1, @2) and B = (B, B2). Let Hx(a, ) be
the set of discriminants d € £, with X < |d| < 2X, such that

RGP ; )= Pdx) —Cdix) o
\/WE( 1,81) and Qa(d;X) O(E)zloglogxe( 2, B2),

while L(s, Eq) has no zeros 3 + 4 with |v4| < ((log X)(loglog X))™*. Then for any
0 >0, we have

01(d; X) =

Hx(a, B) > <:1 = 5) (Ze(a, B) +o(1))#{d € £: X < |d| < 2X}.

@ We also invoked the existence theorem of bivariate normal random variables.

o Note that Radziwitt and Soundararajan showed that the number of discriminants
d € &, with X < |d| < 2X, such that

> log <1 +

|74 |>((log X)(log log X)) 1

m) > (log log log X)*

is < X/ logloglog X.
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Thank you:)

Peng-Jie Wong (NSYSU) Joint distribution of L(3, E;) and |III(E,)| CPNTS 16 /16



	L-functions of quadratic twists of elliptic curves, related results, and conjectures
	Some key ingredients of the proof

