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Motivation: An Isogeny Criterion for Elliptic Curves

• Ei, i = 1, 2 : non-CM elliptic curves over a number field K .

• p: prime of good reduction for E1 and E2.

• πp(Ei), i = 1, 2: Frobenius endomorphism of the reduction Ei mod p.

• Q(πp(Ei)), i = 1, 2: Frobenius fields of Ei at p.

• ap(Ei), i = 1, 2: Frobenius trace of Ei at p, ap(Ei) = πp(Ei) + πp(Ei).

• E1 is isogenous over K to E2 (denoted E1 ∼K E2) if and only if ∃ quadratic extension L/K s.t.

E1 ∼L E2.

• Isogeny criterion: If E1 ∼K E2, then Q(πp(E1)) = Q(πp(E2)) for all but finitely many p.
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Motivation: An Isogeny Criterion for Elliptic Curves

Theorem (Kulkarni-Patankar-Rajan (2016))

E1 6∼K E2 ⇐⇒ FE1,E2(x) = o

(
x

log x

)
,

where FE1,E2(x) := #{p : NK (p) ≤ x,Q(πp(E1)) = Q(πp(E2))}.

FE1,E2(x)∼#{p : NK (p) ≤ x, |ap(E1)| = |ap(E2)|}.

(True if degp = 1 and Q(πp(Ei)) 6∈ {Q(i),Q(i
√

3)})

Conjecture (Kulkarni-Patankar-Rajan (2016))

E1 6∼K E2 ⇐⇒ FE1,E2(x)�E1,E2,K
x

1
2

log x
.
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Known Results

Let E1/Q, E2/Q be non-CM, not Q-isogenous elliptic curves.

Baier-Patankar (2018)

• Under GRH: FE1,E2(x)�E1,E2,ε x
29
30 +ε.

• Unconditionally: FE1,E2(x)�E1,E2

x(log log x)
22
21

(log x)
43
42

.

Let E1/K , E2/K be non-CM, not K -isogenous elliptic curves.

A remark of Serre (2005)

• Under GRH:

F̃E1,E2(x) := #{p : NK (p) ≤ x,Q(πp(E1)) = Q(πp(E2))/∈ {Q(i),Q(i
√

3)}} � x
11
12 .
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Motivation: Strong Multiplicity One Theorem

• πi, i = 1, 2 : unitary cuspidal automorphic representation of GL2(AK ), where AK is the adéle

ring of the number field K .

• πi,p, i = 1, 2: corresponding irreducible local representation of GL2(Kp).

• ap(πi), i = 1, 2: trace of the Langlads conjugacy class of πi,p at unramified prime p.

Jacquet, Piatetski-Shapiro (1979), Shalika (1983)

π1 ' π2 ⇔ ap(π1) = ap(π2)(⇔ π1,p ' π2,p) for all but finitely many p.

Ramakrishnan (2000)

Let π1, π2 be the cuspidal representations associated to holomorphic modular forms.

Ad(π1) ' Ad(π2)⇔ |ap(π1)| = |ap(π2)| for all but finitely many p (⇔ π1 ' π2 ⊗ χ, χ a Drichlet

character).



Motivation: Strong Multiplicity One Theorem

• πi, i = 1, 2 : unitary cuspidal automorphic representation of GL2(AK ), where AK is the adéle

ring of the number field K .

• πi,p, i = 1, 2: corresponding irreducible local representation of GL2(Kp).

• ap(πi), i = 1, 2: trace of the Langlads conjugacy class of πi,p at unramified prime p.

Jacquet, Piatetski-Shapiro (1979), Shalika (1983)

π1 ' π2 ⇔ ap(π1) = ap(π2)(⇔ π1,p ' π2,p) for all but finitely many p.

Ramakrishnan (2000)

Let π1, π2 be the cuspidal representations associated to holomorphic modular forms.

Ad(π1) ' Ad(π2)⇔ |ap(π1)| = |ap(π2)| for all but finitely many p (⇔ π1 ' π2 ⊗ χ, χ a Drichlet

character).



Motivation: Strong Multiplicity One Theorem

• πi, i = 1, 2 : unitary cuspidal automorphic representation of GL2(AK ), where AK is the adéle

ring of the number field K .

• πi,p, i = 1, 2: corresponding irreducible local representation of GL2(Kp).

• ap(πi), i = 1, 2: trace of the Langlads conjugacy class of πi,p at unramified prime p.

Jacquet, Piatetski-Shapiro (1979), Shalika (1983)

π1 ' π2 ⇔ ap(π1) = ap(π2)(⇔ π1,p ' π2,p) for all but finitely many p.

Ramakrishnan (2000)

Let π1, π2 be the cuspidal representations associated to holomorphic modular forms.

Ad(π1) ' Ad(π2)⇔ |ap(π1)| = |ap(π2)| for all but finitely many p (⇔ π1 ' π2 ⊗ χ, χ a Drichlet

character).



Motivation: Strong Multiplicity One Theorem

Let π1, π2 correspond to non-CM newforms of weight k1, k2 ≥ 2 and level q1, q2, then

Ad(π1) 6' Ad(π2) ⇐⇒ Fπ1,π2(x) := #{p ≤ x : |ap(π1)| = |ap(π2)|} = o
(

x
log x

)
.

Assume Ad(π1) 6' Ad(π2).

Murty-Pujahari (2017) Under GRH (for certain Rankin-Selberg L-functions of the symmetric

powers of π1, π2):

Fπ1,π2(x)�k1,k2,q1,q2

x
7
8

(log x)
1
2
.

Wong (2018)
• Under GRH (same as above):

Fπ1,π2(x)�k1,k2,q1,q2

x
5
6

(log x)
1
3
.

• Unconditionally:
Fπ1,π2(x)�k1,k2,q1,q2,ε

x

(log x)(log log x)
1
2−ε

.
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Main Result

Theorem (Cojocaru-Hinz-W., 2024)
Let E1 and E2 be non-CM elliptic curves over a number field K, and not K-isogenous. Let

FE1,E2(x) := #{p : NK (p) ≤ x,Q(πp(E1)) = Q(πp(E2))}.

Then for any su�iciently large x,

• Unconditionally:

FE1,E2(x)�E1,E2,K
x(log log x)

1
9

(log x)
19
18

.

• Under GRH for Dedekind zeta functions:

FE1,E2(x)�E1,E2,K
x

6
7

(log x)
5
7
.



Proof Strategy

Let α1 and α2 be coprime integers. Consider:

T α1,α2
E1,E2

(x) := #{p : NK (p) ≤ x, α1ap(E1) + α2ap(E2) = 0}.

FE1,E2(x)�

T 1,1
E1,E2

(x) + T 1,−1
E1,E2

(x) +
∑

1≤i≤2 #{p : NK (p) ≤ x,Q(πp(Ei)) ∈ {Q(i),Q(i
√

3)}}.

#{p : NK (p) ≤ x,Q(πp(Ei)) ∈ {Q(i),Q(i
√

3)}} is known (Zywina (2015)):

• Unconditionally:�Ei,K
x(log log x)2

(log x)2

• Under GRH:�Ei,K
x

4
5

(log x)
3
5

Related to the Lang-Tro�er Conjecture for Frobenius fields of non-CM elliptic curves.

=⇒ It su�ices to estimate T α1,α2
E1,E2

(x).
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Estimation of T α1,α2
E1,E2

(x): Galois representation

Let NE1 , NE2 be the conductors of E1, E2.

Consider modulo ` representation of E1 × E2, for some ` = `(x):

ρE1×E2,` = (ρE1,`, ρE2,`) : Gal(K/K)→ Aut(E1 × E2[`]) ' GL2(F`)× GL2(F`).

Open Image Theorem for E1 × E2: for `� 1,

Gal(K`/K) ' Im(ρE1×E2,`) = G(`) := {(M1,M2) ∈ GL2(F`)× GL2(F`) : detM1 = detM2}.

α1 tr(ρE1,`(Frobp)) + α2 tr(ρE2,`(Frobp)) ≡ α1ap(E1) + α2ap(E2) ≡ 0 (mod `), p - `NE1 NE2 .

C0(`)
α1,α2 := {(M1,M2) ∈ G(`) : α1 trM1 + α2 trM2 = 0}

T α1,α2
E1,E2

(x)↔ πC0(`)α1,α2 (x,K`/K) .



Estimation of T α1,α2
E1,E2

(x): Galois representation

Let NE1 , NE2 be the conductors of E1, E2.

Consider modulo ` representation of E1 × E2, for some ` = `(x):

ρE1×E2,` = (ρE1,`, ρE2,`) : Gal(K/K)→ Aut(E1 × E2[`]) ' GL2(F`)× GL2(F`).

Open Image Theorem for E1 × E2: for `� 1,

Gal(K`/K) ' Im(ρE1×E2,`) = G(`) := {(M1,M2) ∈ GL2(F`)× GL2(F`) : detM1 = detM2}.

α1 tr(ρE1,`(Frobp)) + α2 tr(ρE2,`(Frobp)) ≡ α1ap(E1) + α2ap(E2) ≡ 0 (mod `), p - `NE1 NE2 .

C0(`)
α1,α2 := {(M1,M2) ∈ G(`) : α1 trM1 + α2 trM2 = 0}

T α1,α2
E1,E2

(x)↔ πC0(`)α1,α2 (x,K`/K) .



Estimation of T α1,α2
E1,E2

(x): Galois representation

Let NE1 , NE2 be the conductors of E1, E2.

Consider modulo ` representation of E1 × E2, for some ` = `(x):

ρE1×E2,` = (ρE1,`, ρE2,`) : Gal(K/K)→ Aut(E1 × E2[`]) ' GL2(F`)× GL2(F`).

Open Image Theorem for E1 × E2: for `� 1,

Gal(K`/K) ' Im(ρE1×E2,`) = G(`) := {(M1,M2) ∈ GL2(F`)× GL2(F`) : detM1 = detM2}.

α1 tr(ρE1,`(Frobp)) + α2 tr(ρE2,`(Frobp)) ≡ α1ap(E1) + α2ap(E2) ≡ 0 (mod `), p - `NE1 NE2 .

C0(`)
α1,α2 := {(M1,M2) ∈ G(`) : α1 trM1 + α2 trM2 = 0}

T α1,α2
E1,E2

(x)↔ πC0(`)α1,α2 (x,K`/K) .



Estimation of T α1,α2
E1,E2

(x): Galois representation

Let NE1 , NE2 be the conductors of E1, E2.

Consider modulo ` representation of E1 × E2, for some ` = `(x):

ρE1×E2,` = (ρE1,`, ρE2,`) : Gal(K/K)→ Aut(E1 × E2[`]) ' GL2(F`)× GL2(F`).

Open Image Theorem for E1 × E2: for `� 1,

Gal(K`/K) ' Im(ρE1×E2,`) = G(`) := {(M1,M2) ∈ GL2(F`)× GL2(F`) : detM1 = detM2}.

α1 tr(ρE1,`(Frobp)) + α2 tr(ρE2,`(Frobp)) ≡ α1ap(E1) + α2ap(E2) ≡ 0 (mod `), p - `NE1 NE2 .

C0(`)
α1,α2 := {(M1,M2) ∈ G(`) : α1 trM1 + α2 trM2 = 0}

T α1,α2
E1,E2

(x)↔ πC0(`)α1,α2 (x,K`/K) .



Estimation of T α1,α2
E1,E2

(x): Galois representation

Let NE1 , NE2 be the conductors of E1, E2.

Consider modulo ` representation of E1 × E2, for some ` = `(x):

ρE1×E2,` = (ρE1,`, ρE2,`) : Gal(K/K)→ Aut(E1 × E2[`]) ' GL2(F`)× GL2(F`).

Open Image Theorem for E1 × E2: for `� 1,

Gal(K`/K) ' Im(ρE1×E2,`) = G(`) := {(M1,M2) ∈ GL2(F`)× GL2(F`) : detM1 = detM2}.

α1 tr(ρE1,`(Frobp)) + α2 tr(ρE2,`(Frobp)) ≡ α1ap(E1) + α2ap(E2) ≡ 0 (mod `), p - `NE1 NE2 .

C0(`)
α1,α2 := {(M1,M2) ∈ G(`) : α1 trM1 + α2 trM2 = 0}

T α1,α2
E1,E2

(x)↔ πC0(`)α1,α2 (x,K`/K) .



Variations of the Chebotarev Counting Functions

B(`) :=


∗ ∗

0 ∗

 ,

∗ ∗

0 ∗

 ∈ G(`)

, U′(`) :=


a ∗

0 a

 ,

a ∗

0 a

 ∈ G(`), a ∈ F×`

 ,

Λ(`) :=
{

(aI, aI) ∈ G(`) : a ∈ F×`
}
, P(`) := G(`)/Λ(`).

C(`)α1,α2 :=
{

(M1,M2) ∈ C0(`)α1,α2 : λ1(Mj), λ2(Mj) ∈ F×` ∀1 ≤ j ≤ 2
}
,

ĈBorel(`)
α1,α2 := the image of C(`)α1,α2 ∩ B(`) in B(`)/U′(`) (abelian).

ĈProj(`)
α1,α2 := the image of C0(`)α1,α2 in G(`)/Λ(`).

• Unconditionally: T α1,α2
E1,E2

(x)↔ πĈProj(`)
α1,α2

(
x,K Λ(`)

` /K
)
.

• Under GRH: T α1,α2
E1,E2

(x)↔ max
y(x)≤`≤y(x)+u(x)

πC(`)α1,α2 (x,K`/K)

↔ max
y(x)≤`≤y(x)+u(x)

πĈBorel(`)α1,α2

(
x,K U′(`)

` /K B(`)
`

)
.
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Field Exrensions

K`

KB(`)
`

K Λ(`)
`

K

KU′(`)
`

B(`)/U ′(`)

P(`)

G(`)



Uncnditional estimation of T α1,α2
E1,E2

(x)

By unconditionally e�ective Chebotarev Density Theorem:

T α1,α2
E1,E2

(x)� πĈProj(`)
α1,α2

(
x,K Λ(`)

` /K
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