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Refinements of Artin's primitive root conjecture

L Introduction

LPrimitive roots and Artin's conjecture

An integer is a primitive root modulo n if it generates all the
multiplicative group (Z/nZ)*.

Proposition

The multiplicative group (Z/nZ)* is cyclic iff n = 2,4, p" or 2p",
where p is an odd prime and r > 0.
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L introduction
LPrimitive roots and Artin's conjecture

4°745(2) = (279(2)2 = 1 (mod p),

hence ord,(4) | ord,(2).
If ordp(2) = p— 1 then

e (2°71 =1 (mod p),

and therefore ord,(4) < p — 1, so 4 can’t be a primitive root.
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L introduction

LPrimitive roots and Artin's conjecture

Conjecture (Artin 1927)

Let a be an integer which is neither —1,0,1 nor a square. Then a
is a primitive root for an infinite number of primes. Moreover, by
noting N5(x) the number of primes < x for which a is a primitive
root: X

Na(x) ~ ——C(a),

100~ o C(a)

with C(a) ~ 0.3739558 if ag # 1 (mod 4) and a is not a perfect
power, and C(a) > 0 otherwise. Where ag is the squarefree part of

a.
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L Introduction

LPartial results on Artin's conjecture

Theorem (GRH, Hooley 1967)

Na(x) = =—C(a) + O (X('l‘;gg 'X°)gzx> .

Theorem (Heath-Brown 1986)

At most two prime numbers are not primitive roots for an infinity
of primes.
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Refinements of Artin's primitive root conjecture

L introduction
LA sketch of Hooley's proof

Let p and g two primes, a an integer coprime to p, not a perfect
power. Then

p=1 mod g“
o p—1
9% | ———= < { and
ordy(2) .
db mod pst. a=b? mod p.
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L introduction

LA sketch of Hooley's proof

N = X1 (=)

p<x
(a,p)=1
C D)
p<x qq<x ordp(a)
(a:p)=1
_ _ _ ais a g-th
a Z H<1 11<'D_1 mod g, root modp>>
p<x qq<x
(a,p)zl

B ais an /-th
N ; ,u(g); ! ((a, p)=1p=1 mod/, root mod p
P+(£)<x P>

p splits completely

- Zz: (0)# {p <x(ap)=1 Q(a'4, ¢) }

n
PT(0)<x 838
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L introduction

LGeneralization to almost primitive roots

What about primes for which a fails to be a primitive root by not
much?

e Fix k, look for p s.t. Orp_(la) = k (Moree 2013, GRH).

P (a) has k prime factors. (2025+

e Fix k, look for ps.t. -
Goldmakher, Martin, P., GRH)
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L introduction

LGeneralization to almost primitive roots

3 ways of counting prime factor:

* Without multiplicity: w (;2-1;)

o With multiplicity: (5215 ).

e Comparing the square-free kernels: w (p — 1) — w (ordp(a)).
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LIntroduction

L(.‘mneralization to almost primitive roots

|
|
|
|
In red when ord,(a) = p—1, i.e w((p —1)/ordp(a)) = 0.

In blue when w (

—1)/ordp(a)) = 1.

—~~
he
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L introduction

LGeneralization to almost primitive roots

Theorem (Goldmakher, Martin, P., 2025+)

Let a € Z\{—1,0,1}, z € C with |z| < 1, then assuming GRH

L((p~1)/0rdo(3)) _ i) ¥/ (5 z=1 x
3 Li )Ca()H<1+p(p 1))+E( )

P<X P

vp(a)=0
) ' —1p
ZQ((p 1)/ordp(a)) _ Li(x CQ z (1 T (Z )+E X)s

> @I+ G g5 ) +EW

vp(a)=0
-1

Z Zw(pfl)fw(ordp(a)) — LI(X)C‘K:i(Z) H <]_ -+ 22 — 1) -+ E(X)

pP<x P g
vp(a)=0

with E(x) = O (%) and the C, are rational functions.
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LSketch of Proof

LRefining Hooley argument

Let a € Z\{—1,0,1} not a perfect power, z € C with |z| < 1,

Nyx) = 3 a(e-D/ords(a)

p<x
vp(a)=0

- Y Y ROE-

p<x (l(p—1)/ord,(a)
vp(a)=0

= Y B0 -1)IP(x)
P+(2)§x
- . p splits completely
where Py(x) = # {p <x,(a,p)=1, in Q(aY%, ) } , and
P*(¥) is the largest prime factor of /.

13/38
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LSketch of Proof

LOnly small values of £ matter

Write Q,, the least common multiple of all integers smaller than 7,

and
Na(xom) = > p2(0)(z-1)OP(x) = > z<(Qulp=)/erdy(2),
¢ p<x
PH(0)<n v(3)<0

Let 1 < m2 such that there is only one prime g with n1 < g < 1,

then
Na(x,m2) — Na(x,m1) = Z (z — 1)z((Qu(p=1)/0rds(a))
p<x
vp(a)=0

ql(p—1)/ordp(a)
< #{pgx,pzl mod q,

< Py(x)

ais a g-th
root mod p
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LSketch of Proof

LOnly small values of £ matter

Therefore

Na(x) = Na(x,m) + O Z Pq(X)

n<q<x

° > Pq(x )<< ~ by some combinatorial argument.
Vxlog x<g<x

. > Pq(x)<< Xlloggﬂ by Brun-Titchmarsh
V/x/ log? x<q<y/x log x
theorem.

. D Pq(x)<< “TEPE under GRH.
log x<q<+/x/ log? x

Under GRH, we have )~  P4(x) < M Then

Io

log x<q<x
w x log log x
M) = Y OG- ) OP + 0 (FEE).
7 og” x
Pt (0)<log x
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LSketch of Proof

LA more general framework

let 4/ C N, for every prime power g, let JFq« denote a subset of U.

Suppose Fx C Fo for all q.
Define e(n) to be the unique number such that

N € Nrle(n) Far \ Ugkte(n) Far-

Lemma (Goldmakher, Martin, P. 2025+ )

Assume that the collection {F«} is cumulative. Let h(m) be a
multiplicative function bounded in absolute value by 1 and g its
Mobius inverse. Let Q, = [] p. For any positive real numbers

¢ pk<y

<Y,
> h(ged(e(n), Q) = Y g(O)#{n<x:ne () Fyu)
géx{ | Qe qkle

+0 Z #{n < x: ne}"qk}>.

E<qk<y
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LSketch of Proof
LChebotarev density theorem

Theorem (GRH, Lang 1971)
Let K a number field, then under GRH:

mi(x) = Li(x) + O (v log(I* A1) ).

Where mi(x) is the prime ideal counting function on K, Ak is the
discriminant of K.

In our case K = Q(a'/, (), we get |Ax| < (CIK:Q

Theorem (GRH, Hooley 1967)

Assume GRH. Let a an integer, ¢ a squarefree integer. Write

K =Q (¢ /a), then

PE(X) = [I,I%I(Xé]

where the implied constant only depend on a.

+ O (V/x log(x)) ,
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LSketch of Proof

LChebotarev density theorem

—1)w(® log |
$ elle-n)/ords(a)) — Z (z 1 (X%O%X)
z = Li(x +0 ,
: [@ Cz ): Q] g

rx , log= x
vp(a)=0
Q V4 —1\w(l
S A1/l — i(x Z Oa-z1" <X'°g'°gx>7
= [Q (Ce,\f ) Q) log® x
vp(a)=0

w( 1)—w(ordp(a)) w(Z) (X)
2 =" - 2T MG, )

p<x )4 m|é
vp(a)=0
x log Iogx)
+O | ——— ).
( log? x
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LSketch of Proof

LDegree of this number fields

a is not a perfect power.
We have

[Q (a) : QI[Q(¢) : Q]
ea(f) ’

where £,(¢) is the degree of the largest common subfield of

Q (v/a) and Q(¢). However Q () is Galois, hence
é_aw):{z, fVa€eQ(Va) (&),

[Q (¢, va) - Q] =

1, otherwise.
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LSketch of Proof

LDegree of this number fields

More precisely we have

[@ (Cmfv \[75) : Q] = [Q (Cmf) : Q] X [Q (\Z/gv le) : Q(Cmf)]
= (p(mﬁ)[(@ (%) Cmé) :Q (Cmf)]

And [Q ({/2, Cme) : Q (Ce)] = min{j eN: Jll e Q(sz)}.

Therefore we are looking for the smallest n for which a” =~ for
some 7 € Q (Cme)-
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LSketch of Proof
L Degree of this number fields
g

Lemma (Goldmakher, Martin, P., 2025+)

Fix positive integers m and £. A rational number (3 is of the form
vt for some v € Q(Cme) if and only if one of the following sets of
conditions is satisfied:
m (=1 mod 2 and B = ¢’ for some c € Q.
m (=0 mod?2 8>0, and B = c/? for some c € Q such that
\/E S Q(Cmﬁ)
m/=0 mod2 <0,2|m, andﬁz—cﬁ/2 for some c € Q
such that \/c € Q({me).
m /=2 mod4 <0,2¢m, and B = c'/? for some c € Q
such that \/c € Q((me).
m/=4 mod8, f<0,2{m, and f = —(2c)£/2 for some
¢ € Q such that \/c € Q({me)-
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LSketch of Proof
L Degree of this number fields
g

Lemma (Goldmakher, Martin, P., 2025+ )

Let K =Q (/3,&me), and Cme a primitive ml-th root of unity. Let a = nag
withnm ==+£1, h a positive integer and ag positive not a power. Let
0 =1/(¢,h), ap = bocg, with co € Q, by a square-free integer,
:{bo, ifbp=1 mod4
4by, otherwise.

Then we have:

where e,(mt, ¢) is defined as follows:

H /A
e Ifa>0, then e,(ml,£) = {% L)ftﬁeﬁvge mod 2 and 9(ao) | m¢,

e Ifa< 0 and/ is odd then e,(ml,¢) = 1.

1, if2 | m,

e Ifa<0,{iseven but ! is odd then e,(ml,{) = {1/2’ otherwise.

e Ifa<0,and? =2 mod 4 then
2, if2| mandd(ap) | ml
ea(me, £) = 2, if=2 mod4, m=1 mod 2 and d(—ag) | m¢,
’ 2, if{=4 mod8 m=1 mod 2 and ?(2a0) | m¢,
1, otherwise.

e Ifa<O0, and 4|l thene.(mt, () = {%’ gtz(e%u?islemz’ 238



Refinements of Artin's primitive root conjecture
LSketch of Proof
L Degree of this number fields
g

Lemma (Hooley 1967)

Let a# —1,0,1 and not a perfect power, £ a squarefree integer.
Let a— bocg, with cg € Z, by a square-free integer.

Then we have:
a(e):q] - 563

where £,(¢) is defined as follows:

2, if2by | ¢ and by =1 mod 4,
ea(0) = )
1, otherwise.

The case ¢ not squarefree was done by Wagstaff (1982).
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LSketch of Proof

LE><pressing the sum as an Euler product

,u (z— 1)“}(@ ,U ( ) ,uz(ﬁ)(z _ 1)w(£)
+4 .
N R P Y 2

with § — 1 if bg E.]. mod 4
0 otherwise.

w(ﬁ)

e (G )

0] 2bop(bo) Lp(0) ’
2bgle (2bo,0)=1
z—1 z—1
B pgo<p2—p+z—1>l;[< p(p—1)>
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L Results

Theorem (Goldmakher, Martin, P., 2025+)

Assume GRH. Let a € Z\{—1,0,1} not a perfect power, z € C
with |z| <1, then

Z 24((p=1)/ordp(2)) — [ () Cf/(z) H <1 + pz_1>

= 5 (p—1)
vp(a)=0
x log log x
o (oert)
where
1 if b 1 d4
C;J/(Z) — 9 o/ I 0 5_& mo 9
1+ 7" (2by), ifbp=1 mod 4,

and faw/(2bo) = Ippe, (#—Q—lz—l)'
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L Results

LResults for some explicit values of a

If a=05:

or 277 + 18z + 20
S Do) i) 22+2OZ+19H( p(p ))+E(x),

p<x
vp(5)=0

2(p-1)/ordp(s) _ () 1 T T2 42000 (0 (2=Dp g
Z z ()27 97, 7100 oo g TEC

(5) 0

o 22° 4 257 4 47 z-1
3 e Do) () 2 T 1 E
z I(X) 22 1 257 1 46 1;[ + p2 —1 + (X)7

p<x
vp(5)=0

where E(x) = O (M).

(log x)?
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L Results

LResults for some explicit values of a

2
w((p—1)/ordp(5)) _ 1+ 2z° 4+ 18z + 20 z—1
>z L) 220, 710 1:[ 1 o) +E(),

(p—1) 1 / 1 w((p—1)/ordy(5))
< =1\ =_ = P p() ¢
# {p =0 <0rdp(5) 2T J|z=1/2 2° Z ‘ ‘

p<x
vp(5)=0

X)H 18x19—202+@ 1
p(p—l) 19 194 p?—p-1

1
L E(ldz
27r |z|=1/2 z2

log |
0.455527 Li(x) + O (&)
log” x

%
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L Results

LResults for some explicit values of a

Ifa=4

2z z—1
w((p—1)/ordp(4))
E z P L1(X |p| < 1)) + E(x),

p<x
vp(4)=0

LoD ordp(8) _ 150 E 2 12z (z—1)p ;
2 =He) H(”(p j) + £

4z + 8 —1)(p? -z
(4) 0
w(p—1)—w(ordp@)) _ vy (Z+D ( z—1 )
z =Li(x)— 1+ —= |+ E(x),
g 4(z+2) 1:[ p? —1
vp(4)=0

where E(x) = O (%% ).
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L Results

L Expectation

Let X a discrete random variable with P(X = n) = a, and define
the power serie

Then
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L Results

L Numerical results

a=3
k| @ (f;i;(g)) —k|w (g;(g)) =k | w(p—1) —w(ordy(3)) = k
0| 0373955 0.373955 0.511757
1| 0405700 0.489828 0.428079
2| 0.138409 0.125687 0.056962
3 0.056421 0.010164 0.003112
4| 0018447 0.000356 0.000085
5 0.005215 0.000006 0.000001
E 0.96337 0.77315 0.55169

30/38



Refinements of Artin's primitive root conjecture
L Results

L Numerical results

a=>5
k| Q (f;i;(g)) —k|w (g;(ls)) =k | w(p—1) —w(ord,y(5)) = k
0| 0393637 0.393637 0.542249
1 0.357959 0.455527 0.371163
2| 0.169510 0.135494 0.079483
3 0.056907 0.014732 0.006858
4| 0.016216 0.000596 0.000241
5 0.004294 0.000011 0.000004
E 0.96337 0.77315 0.55169
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L Results

L Numerical results

a=4
k| Q <#;(14)) =k |w (#;(14)) =k | w(p—1) —w(ordy(4)) = k
0 0 0 0.331694
1 0.560933 0.747911 0.543517
2 0.253293 0.231746 0.116448
3 0.122297 0.019629 0.008083
4 0.045042 0.000700 0.000252
5 0.013501 0.000012 0.000004
E 1.71337 1.27315 0.80169
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L Results
L Decay Rates

Corollary

Assume GRH. For any a€ Q\ {-1,0,1}:

(a) Both DZ/(n) < n==2(M)n and D=~ (n) < n==oWn (with
the implied constants depending on a), with each of these
upper bounds being attained infinitely often.

(b) D$(n) = R,47" 4 0,(97").
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L Unconditional bounds

Na(x)

IN

IN

IN

2 o =)
> L (-2 (elig)

P<x q<xq<{
(a,p)=1

ais a g-th
Z H <1—Il<pEl mod g, root qmodp))

pP<x g<xq<¢

(a,p):l
- ais
; u(ﬂ); 1 ((a, p)=lp=1 mod(, - "
PrO<xPr(<e

p splits complet

Z :U’(E)# {P < X, (37 P) =1, in Q(al/g,@)

14
PT(£)<xP*(0)<¢ 34/35
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L Unconditional bounds

Define we(n) = #{p < &, p| n}, then

#{”SX:‘“’(ofd;(i)) —of < #{pxiu (ofd;(;) ~of
#losns (Do) <) < #lpex |

Nag(x) = Z Swe((p—1)/ordp(a))

p<x
vp(a)=0

And taking £ = % log log log log x, we obtain the same asymptotic
for N, ¢(x) as we had for N,(x), but this time unconditionally!
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L Unconditional bounds

Theorem (Goldmakher, Martin, P., 2025+)

Assume GRH. If a € Q is not a perfect power, then for any z € C

with |z| <1,
—1 x log log x
z<: i )H q(q —1) (log x)?2
p<x p
Vp(a) 0
where
¥ ifo(a) 1 mod 4,
Fal(z) = _oz=1 _
1+q|££) ooy @)=1 mods
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L Unconditional bounds

Theorem (Goldmakher, Martin, P., 2025+)

Assume GRH. If a € Q is not a perfect power, then for any z € C

with |z| <1,
S 2 D/or@) = () F2(2) [ <1 n (Z—l)q) Lo <X'
o ; (g9 -1)(¢* - 2) (
vp(a)=0
where

R =1+ 0(@)e - 10220 [T (S trs ).

z+ 3_ 42 _
o6, P?-q2—gq

with

, ifsgn(a)bp =1 mod 4,

d(a) = ¢ z/4, ifsgn(a)bp =3 mod 4,
z2/16, ifbg =2 mod 4.
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L Unconditional bounds

Theorem (Goldmakher, Martin, P., 2025+)

Assume GRH. If a € Q is not a perfect power, then for any z € C

with |z| <1,
w(p—1)—w(ordp(a)) _ w— z—-1 x log log
Z z P m(x)F} (Z)H<1+q2_1> +O<(Iogx)2
pP<x q
vp(a)=0
where

R =140 -0 T (o).

q|2bo
with
1, ifsgn(a)bp =1 mod 4,
d(a) =< —1/2, ifsgn(a)bp =3 mod 4,

—1/8, ifbp=2 mod 4.
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L Unconditional bounds

Thank you for your attention !
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