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Background - dynamical systems and control

Decision-making in environments
that change and are uncertain
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Control systems evolution
from single systems in predictable environments

to . . .

networks dynamic interactions unknown terrains
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Research thread

I Develop fundamental understanding of decision-making under
uncertainty

I Design algorithms with provable safety and performance
guarantees
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Multi-agent systems
Interacting agents with coupled objectives and constraints
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Multi-agent systems: learning, optimization and control

How do players learn to optimize
given only local information?
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The rest of the talk

with Tatiana Tatarenko, TU Darmstadt, Germany

I T. Tatarenko, M. Kamgarpour, Bandit Online Learning of Nash
Equilibria in Monotone Games, 2020

I T. Tatarenko, M. Kamgarpour, Learning Generalized Nash Equilibria
in a Class of Convex Games, IEEE Transactions on Automatic
Control, 2019

I T. Tatarenko, M. Kamgarpour, Minimizing Regret of Bandit Online
Optimization in Unconstrained Action Spaces, 2018
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Players objectives and constraints

Game �(N; fAig; fJ ig) with N agents/players

I action ai 2 Ai � Rd

I joint action a 2 A = A1 � � � � �AN � RNd

I cost J i : RNd ! R, J i(ai;a�i)

Convex game

I Ai: convex and compact

I J i(ai;a�i): continuously di�erentiable in a, convex in ai
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Examples of convex games

I Mixed strategy extensions of �nite action games
I Ai: probability simplex, J i(ai;a�i) linear in ai

I Tra�c networks, communication networks, power networks
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Characterizing Nash equilibria

I a� 2 A is a Nash equilibrium (NE): for each i = 1; : : : ; N

J i(a�i;a��i) � J i(ai;a��i); 8ai 2 Ai

I NE exists in convex games

Variational inequality (VI) characterization of NE

I game mapping M : RNd ! RNd

M(a) = [raiJ i(ai;a�i)]Ni=1

I a� is a NE () M(a�)T (a� a�) � 0;8a 2 A| {z }
VI problem given M and A

[Facchinei, Pang, 2007]
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Games versus optimization problems

Variational Inequality problem VI(M ;A)

Given M : RNd ! RNd, A � RNd, �nd a� 2 A

M(a�)T (a� a�) � 0; 8a 2 A

I if M = rf for some f : A! R, then VI is the �rst-order
optimality condition for mina2A f(a)

I in a game M(a) = [raiJ i(ai;a�i)]Ni=1 is a pseudo-gradient
I is gradient if the Jacobian JM(a) is symmetric
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Example - matching pennies

I zero-sum game of matching pennies
I row-player, column-player� head tail

head (1;�1) (�1; 1)
tail (�1; 1) (1;�1)

�

I mixed strategies: ai probability of player i choosing head

J1(a1;a2) =
�
a1 1� a1

� � 1 �1
�1 1

��
a2

1� a2

�
I game mapping is not a gradient

M(a1;a2) =

�
0 4
�4 0

� �
a1

a2

�
+

�
�2
2

�
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Seeking equilibria with limited information

Each player observes only her cost for a played action

I zero-order information: J it = J i(ait;a
�i
t )

I black-box access to the function

How should she play to ensure convergence to a Nash equilibrium?
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Zero-order information in games

Use function evaluations J it = J i(ait;a
�i
t ) to estimate gradient?

I query J i at ait+1 = ait + � and use �nite di�erence

I feedback: J it+1 = J i(ait+1;a
�i
t+1), can’t control a�it+1

How should she play to ensure convergence to a Nash equilibrium?
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Randomization helps in learning

I each player samples her action from a distribution

ait � p(�it; �t)
I mean �i: updated greedily based on player’s observed cost

I variance �i: encourages exploring non-greedy strategies

decision making when faced with unknown cost functions:
exploitation and exploration
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