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I . Overview

. X smooth prog
'

. geom . connected come / field k .

G reductive
group

over K CX ) .

£ Langlands dual
group

( In a few min X - R
'

,

G = GL
.

⇒ E
-

- Glen )
K = Fg .

Goal of geometric Langlands is to establish
a duality

Bung ( X ) →
Loc Sys g

( X )
.

Core Conjecture : Let Se X be a finite set .

For
every

irreducible I - local system E  on X - S
,

Them exists  a Laon - zero ) perverse sheaf A = AE on
the

moduli of G bundles on X
, eqipped with level

structure at S
,

whose Hook eigenvalue is E
.

Status
report : We know a lot if E is un ramified ;

i. e . extends to
a boo

. system on X

We know
very

little '

if E is ramp .

↳ See introduction of our arXiv preprint .



They
: Core Conjecture holds for all

irreducible

(generalised

¥hgEometm

.

- local systems .

* We
prove

this by explicitly constructing

The desired cigars heaves
.

"

Localsystem can
have

 

many meanings
; e.g .

K -

-

Fg →
lisse l

-
adic  sheaf Kid

\
> Over convergent

 F- iso crystal

a- E us vector bundle equipped with Iflat ) connection .

Our theorem applies to all these
settings

.

To fix ideas
,

we work with f-  adic sheaves over file fields .



# . Hypergeometric Local Systems

The notion of local system originated in Riemann 's

seminal work on The Euler - Gauss hypergeometric

function .

Riemann 's

revolutionary insight was That

one can land should ) study the
~

local system
"

of holomorphic solutions of The hypergeometric
diff . equation . on IP

'
- { on ,

is } .

Using this approach ,
Riemann  recovered Gauss &

Kummer relations for hypogeous . function with almost

us computation .

Riem
 man 's investigation was a

stunning success became

The hypogeous .

board system is rigid i ie . uniquely

determined as soon one specifies its monodromy
at oil ,

-
.



The e- adic analogue of Cgeneralised) hypergeom.ba
.

systems were defined by Katz in 1990 . We will

call Then hypergeometric sheaves
.

hypergeometric
I specify Them

,

we need The following initial data
:

c is A finite field k
.

check # l
.

Ciii An additive char
. 4 :

K → QT{
Ciii) Integers cnn.nl with

Amenand mutt . characters
: Kx

-

Gina

:p
GG .  - -

sun , y
,

.
. . . .

,ym ) q

GaxGjxGY@xi-Eyj.e.i.i.xn.yi
's

. . .

, YI
'

) am

(a . .
.  .xn )( Yi . .  . YI

'

A = ACK
,

K . . . .
. ,Xa , p,

.
. .  . rpm ) :

 

-9
:p

't C Ly # Lx
,

. . . . * L×n Lp
,

.  - - * Lpm ) [ non . D



Here
, Ly is the rank one Local system on Qa

with Trots . trace 4 ( Autin - Schrier sheaf)

LK.

' Lp
,

.

are one dim
.

local systems on Gm

with Fob
. trace Xi and Pj I Kummer sheaf)

.

Therein:C Katz ) : ① It [ i ] is perverse .

^

② Ha ] is irred
 iff Xi

'

# Pj fig .

.

( we say Xi . Pg . on disjoint)

③ men ⇒ It is a local system on

IP
'

- { on .org with tame ramification

at o
,

i
,

o and pseudo - reflection monodromy

at i
. m (i .

.¥
④

mln → He is lisse on
IP

'

- Lois } with

tame
singularity at

o
and wild one at o

.

⑤ If If  is irred .

Then it  is rigid .

[ Katz ] Exponential Sums and Diff . Equations

Annals of Maths Studies 1990 .



PLAN

The rest of the talk will be about constructing

The eigensheaf comespaneling to a

tamehyp
-geometric

sheaf It -
- HEY ,

Xi .
.  - -

i Xn
, pi .

.  - pm ) .

I will not talk about what is a ramified
Hecke eigenshef ( see § 5 of our

article ) .

Henceforth G- Glen
,

X - p
'

.
K -

-

Fg
• On = completed Gal

ning
at a

⇒ KEIsa
open= maximal ideal of On •

HE
-

s I



HI -

Group scheme Controlling It

• Define a

group
scheme gfx which is  isom

.

to G on p
'

- fo ,
a } ,

and satisfies

•

gcO.de
{I" if  e- oQld

if a- i
"

Ill
) if  x =D

Here I is The Iwakuni and Ill ) its

pro unipotent radical .

° Example: G- Gls .
I - ( %I , 8) see

B

P P G
'

.

I " "

E:¥ .! ) a

This explains the structure at o and - .

The
group

QCD is defined using
The mirabilis

.



Recall the mirabal : is defined by
I =

( ?
*

E Gcn "

GL
,

* -

f *)¥
I

Now define Lie #( EE

Lika
)

p
. - - .

P G

p .

.

.
. . P

?
Lie CQC" ) -

-

( pi sins .

in )
p .  - -

p p

* g has
a cousin g

'

defined by ftp.go
, , of

G

are g :{ I:
I a -

O



IV. Bung
Let

Bung
= moduli of g -

bundles on X

=
moduli of right g

- torsos on X .

Similarly , we have
Bung

'

.

Concretely :

Bung
.  = moduli of rank n - V .

B
.

 on X

+ full flag at o

+ flag of type Q at i

+ full flag at a

Bong
= moduli of bundles t flags as above

+
additional vectors in the graded

Pieces of The flag .

See § 9.1 of arXiv preprint .



We have Forget full
maps

Bung - Bung ,  → Bunn
/ I

GI x Glax GIIprincipal IIIa , x Q1 aux IIIa )

hunky
fibration .

It - 94g
inducing

"

my ,  

% c
Bung

. ) - a. CBunn ) I?
For each de Z

,
let Bing be the corresponding

connected component of Bung
.



F. The Pair (H
, e)

We saw in the previous section that the
group

H - IIIa ,
x Q Iaa ,

x III
,

arts
an Bung

Now ( X
,

,
. .  -

, Xu ) defines  a charter

I - IIIa ,
- MY → QIXi . .  . Xu

Similarly .
we have the

choratn
p =p,

. . .

pn
: I -3¥

Thus
,

we have a character

c :
H  - §x

C a. bi c )
i - Ma ) pic )

Let E be the rank one local system on H

whose trace function  is c .

This is an example of a cihoraitersheaf?



.
Outline of the Proof

Our main theorem is proved in three  steps :

①
.

Them exists a unique ( It
,

e ) -

equiv
.

inert

Perren sheaf I
,

on Bing .

②The perverse sheaf I = CA a)
* z

is  a

Heck eigensheaf on

Bung
.③

The Hecke eigenvalue is It .

① is The Key statement here
.

② follows from ① t main theorem of Hun ]
,

CHNY ]
See § 6 of  arXiv preprint

③ can be proved by computing trace functions .

( But tedious )
see 89 of preprint -



How to prove
① ?

=

An H .  orbit on

Bung is called relevant if
it

supports a CH
, e ) - equivariant sheaf.

⇐ e I stab
.

#
cajis trivial

.

Key¥ut : There exists a unique relevant orbit

on each component Bing -

Thee proof involves intricate combinatorics of
Bung - ( see §8 of preprint ) .


