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Introduction

This project, joint with Manish Patnaik, blends two a priori unrelated areas of research :

• Loop groups : adaptation of the construction of Chevalley groups and lattices by
H. Garland to a special case of affine Kac–Moody algebras, obtained as central
extensions of loop algebras.

• Arakelov geometry : study of arithmetic varieties, Hermitian vector bundles, roughly
objects from algebraic geometry over SpecOK , with K a number field, endo-
wed with metrics at infinite places. Recently, J.-B. Bost defined the notion of pro-
Hermitian vector bundles in the context of the study of theta invariants, later studied
in greater depth by J.-B. Bost and F. Charles.

Mathieu DUTOUR | Theta-finite pro-Hermitian vector bundles from loop groups elements | 2 / 40



Introduction

This project, joint with Manish Patnaik, blends two a priori unrelated areas of research :

• Loop groups : adaptation of the construction of Chevalley groups and lattices by
H. Garland to a special case of affine Kac–Moody algebras, obtained as central
extensions of loop algebras.

• Arakelov geometry : study of arithmetic varieties, Hermitian vector bundles, roughly
objects from algebraic geometry over SpecOK , with K a number field, endo-
wed with metrics at infinite places. Recently, J.-B. Bost defined the notion of pro-
Hermitian vector bundles in the context of the study of theta invariants, later studied
in greater depth by J.-B. Bost and F. Charles.

Mathieu DUTOUR | Theta-finite pro-Hermitian vector bundles from loop groups elements | 2 / 40



Introduction

This project, joint with Manish Patnaik, blends two a priori unrelated areas of research :

• Loop groups : adaptation of the construction of Chevalley groups and lattices by
H. Garland to a special case of affine Kac–Moody algebras, obtained as central
extensions of loop algebras.

• Arakelov geometry : study of arithmetic varieties, Hermitian vector bundles, roughly
objects from algebraic geometry over SpecOK , with K a number field, endo-
wed with metrics at infinite places. Recently, J.-B. Bost defined the notion of pro-
Hermitian vector bundles in the context of the study of theta invariants, later studied
in greater depth by J.-B. Bost and F. Charles.

Mathieu DUTOUR | Theta-finite pro-Hermitian vector bundles from loop groups elements | 2 / 40



Contents

1. Introduction

2. Finite dimension : Lie groups and Lie algebras
2.1 Lie groups
2.2 Lie algebras
2.3 Correspondence between Lie groups and Lie algebras

3. Infinite dimension : loop algebras and loop groups

4. Metric and Chevalley lattice

5. Pro-Hermitian vector bundles and theta invariants

6. Building pro-Hermitian vector bundles from loop groups elements

7. Future work

Mathieu DUTOUR | Theta-finite pro-Hermitian vector bundles from loop groups elements | 3 / 40



Lie groups

Definition
A Lie group is a group G endowed with a smooth manifold structure such that :

1. The composition law G×G −→ G is a smooth map ;

2. The inversion map G −→ G is a smooth map.

Example
1. Linear groups, such as GLn (R), SLn (R), On (R), . . .

2. Projective linear groups, such as PGLn (R), PSLn (R), . . .

The tangent space at identity of a Lie group G can be seen as a Lie algebra, denoted
by Lie (G), though the bracket is more easily defined using left invariant vector fields.

Furthermore, the exponential map LieG −→ G is a local diffeomorphism between
neighborhoods of 0 and of 1.
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Lie algebras

Beyond Lie groups, there is an independant definition of Lie algebras.

Definition
A Lie algebra over R is a finite-dimensional R-vector space g endowed with a map

[·, ·] : g× g −→ g

called the Lie bracket, which satisfies three properties :

1. bilinearity ;

2. alternativity, i.e. [x, x] = 0 ;

3. Jacobi identity, i.e. [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0.

Example
▶ gln (R) = Mn (R), the n× n real matrices, tangent space at identity of GLn (R).

A morphism of Lie algebras is a linear map compatible with the Lie brackets.
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Representations of Lie algebras

Definition
A representation of a Lie algebra is a Lie algebra morphism

ρ : g −→ EndV

where V is a (finite-dimensional) vector space over R.

Example
The adjoint representation, defined by

ad : g −→ End g
x 7−→ y 7−→ [x, y]

If the center Z (g) = {x ∈ g, ∀y ∈ g, [x, y] = 0} of g is trivial, then ad is injective. This
is a particular case of a result known as Ado’s theorem, which states that every Lie
algebra has a faithful representation.
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Correspondence between Lie groups and Lie algebras

Theorem (Lie’s third theorem, particular case)
Every simple Lie algebra is the Lie algebra of a Lie group.

Using the adjoint representation, we assume that we have g ⊂ End g, and set

G =
〈
eX , X ∈ g

〉
⊂ Gln (R) ,

i.e. the subgroup generated by every eX .

The process to remember from this section is :

1. Start with a Lie algebra

2. Find a representation

3. Take the exponentials of the endomorphisms

4. End up with a relevant group
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Loop algebras

Consider a (finite-dimensional) simple, split Lie algebra g over R.

Definition
The loop algebra of a finite-dimensional, split, simple Lie algebra g is defined as

g̃ = g⊗R R ((t)) ,

where R ((t)) is the field of formal Laurent series over R. The bracket is defined as

[x⊗ u, y ⊗ v] = [x, y]⊗ uv .

This is an example of a Kac–Moody algebra.

Note that elements of R ((t)) are formal series

s (t) =
∑

n⩾n0

cntn

where n0 ∈ Z is an integer, and every cn is a real number. Subtleties related to comple-
tions will be left out of this talk.
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Central extensions

A central extension of g̃ by a Lie algebra a is a Kac–Moody algebra q containing a in its
center. We then have an exact sequence

0 −→ a −→ q −→ g̃ −→ 0

An initial object in the category of central extensions is called a universal central exten-
sion. Such an extension is unique up to unique isomorphism if g̃ is perfect.

Theorem (Garland)
The universal central extension of g̃ is by a 1-dimensional algebra a = Rc, with c central.
As vector spaces, we have

ĝ = g̃⊕ Rc,

where c is central. With (·, ·) being the normalized Killing form, the bracket is defined by

[x⊗ tn + αc, y ⊗ tm + βc] = [x, y]⊗ tn+m +m (x, y) δm,−nc.

It is necessary to consider this extension, as it arises in the Kac–Moody presentation,
which builds the algebra from the affine Cartan matrix.
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ĝ = g̃⊕ Rc,

where c is central. With (·, ·) being the normalized Killing form, the bracket is defined by

[x⊗ tn + αc, y ⊗ tm + βc] = [x, y]⊗ tn+m +m (x, y) δm,−nc.

It is necessary to consider this extension, as it arises in the Kac–Moody presentation,
which builds the algebra from the affine Cartan matrix.

Mathieu DUTOUR | Theta-finite pro-Hermitian vector bundles from loop groups elements | 10 / 40



Central extensions

A central extension of g̃ by a Lie algebra a is a Kac–Moody algebra q containing a in its
center. We then have an exact sequence

0 −→ a −→ q −→ g̃ −→ 0

An initial object in the category of central extensions is called a universal central exten-
sion. Such an extension is unique up to unique isomorphism if g̃ is perfect.

Theorem (Garland)
The universal central extension of g̃ is by a 1-dimensional algebra a = Rc, with c central.
As vector spaces, we have
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Extended loop algebra

There is no good notion of roots for either g̃ or ĝ. For instance, the roots spaces would
be infinite-dimensional. To avoid that problem, we must further extend ĝ.

Definition
The degree operator d : ĝ −→ ĝ is defined by

d (x⊗ tn + αc) = nx⊗ tn

The extended loop algebra is defined as the semi-direct sum

ĝe = ĝ⊕ Rd,

the bracket being given by

[X + λd, Y + µd] = [X,Y ] + λd (X)− µd (Y )

for X,Y ∈ ĝ.
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Affine roots

The roots of the extended loop algebra can be precisely described. Denote by h a Cartan
subalgebra of g, and define the extended Cartan subalgebra by ĥe = h⊕ Rc⊕ Rd.

Definition
Denote by α1, . . ., αℓ a system of simple roots of g, and by α0 the highest root. Extend
each αi trivially to a linear form on ĥe. The imaginary root ι is defined by

ι (x+ αc+ λd) = λ.

We now set
αℓ+1 = −α0 + ι.

The roots α1, . . ., αℓ, αℓ+1 form a system of simple roots of ĝe.
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Different types of affine roots

The affine roots, i.e. the roots of ĝe, are given by

R̂ = {α+ nι, α ∈ R, n ∈ Z} ⊔ {nι, n ∈ Z \ {0}} ,

where R is the set of classical roots, i.e. roots of the Lie algebra g.

More information can be given about the affine roots.

• Any root of the form α + nι, with α ∈ R and n ∈ Z is called a Weyl or real root.
It is positive if we have either n ⩾ 1, or n = 0 and α ∈ R+. The associated root
space has dimension 1.

• Any root of the form nι, with n ∈ Z \ {0} is called an imaginary root. It is positive if
we have n ⩾ 1. The associated root space has dimension ℓ, the dimension of h.
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Universal envelopping algebra

Having found the right Kac–Moody algebra, we must now find a suitable representation.
Before we can do that, let us recall one more construction.

Definition
The tensor algebra of ĝe is defined by

T (ĝe) = R ⊕ ĝe ⊕ (ĝe ⊗ ĝe) ⊕ . . .

and the universal envelopping algebra of ĝe by

U (ĝe) = T (ĝe) / (x⊗ y − y ⊗ x ∼ [x, y]) .

Similarly, we can define U
(
p̂e
)

and U
(
û±
)
, where we have set

p̂e = ĥe ⊕
⊕

a∈R̂+
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⊕

a∈R̂+
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ĝe,a and û± =
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Highest weight representation

Let λ : ĥe −→ R be a dominant integral weight, and v0 be an abstract non-zero vector.
We define an action of p̂e on v0 by

(h+ x) · v0 = λ (h) v0 for any h ∈ ĥe and x ∈ û+

and we extend that action by setting

M = U (ĝe)⊗U(p̂e) Rv0.

Denote by I the unique proper maximal submodule of M . We set

V = M/I,

which is an infinite-rank representation of ĝe, called a highest weight representation,
with highest weight λ.
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M = U (ĝe)⊗U(p̂e) Rv0.

Denote by I the unique proper maximal submodule of M . We set

V = M/I,

which is an infinite-rank representation of ĝe, called a highest weight representation,
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Weights of a highest weight representation

A weight µ of V is a linear form ĥe → R such that we have

Vµ =
{
v ∈ V, ∀h ∈ ĥe, h · v = µ (h) v

}
̸= {0} .

λ
× Any weight can be written as

µ = λ−m1α1 − . . .−mℓ+1αℓ+1

with m1, . . ., mℓ+1 ∈ Z⩾0. When ordered by depth

depth (µ) = m1 + . . .+mℓ+1,

they all lie inside a paraboloid, with λ at the top.

Note that the action of the degree operator d on V is given by

d · vµ = µ (d) vµ = (λ (d)−mℓ+1) vµ

The integer mℓ+1 is called the level of µ, and is denoted by level (µ).
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Loop groups (1)

The highest weight representation gives rise to a loop group by exponentiation.

Every classical root α ∈ ∆(g) yields a non-zero element Eα in the root space gα, which
is a line. We now set

ξa = Eα ⊗ tn for any real root a = α+ nι

Every ξa acts in a locally nilpotent way, allowing us to define χa (s) = exp (sξa) for any
real number s ∈ R. For any formal Laurent series

s (t) =
∑

n⩾n0

qntn

and any classical root α ∈ ∆(g), one defines

χα (s (t)) =
∏

n⩾n0

χα+nι (qn)

using the fact that for any v ∈ V , we have χα+nι (s) v = v for any n large enough.

Definition

The loop group Ĝ is defined as the subgroup of AutV generated by the χα (s (t)).
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Loop groups (2)

Definition

The loop group Ĝ is defined as the subgroup of AutV generated by the χα (s (t)).

We now have to include the degree operator into this group.

Definition
Let τ ∈ R∗

+. The automorphism η (τ) of V by

η (τ) v = τλ(d)−nv if v ∈ Vµ and levelµ = n.

By an explicit computation, we further have η (τ)χα (s (t)) η (τ)−1 = χα (s (τt)).

Definition

The extended loop group Ĝe is defined by Ĝe = Ĝ ⋊η R∗
+, and we set

Ĝη (τ) =
{
gη (τ) = (g, τ) ∈ Ĝe

}
for any fixed τ ∈ R∗

+.
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Ĝη (τ) =
{
gη (τ) = (g, τ) ∈ Ĝe
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Involution

The algebra U (ĝe) is generated by the elements ξa, with a ∈ R̂+.

Definition
The involution ∗ of U (ĝe) is defined by the rules

ξ∗a = ξ−a and (x⊗ y)∗ = y∗ ⊗ x∗,

extended by linearity.

Using this involution will allows us to define a metric on V .
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Metric

Any vector v ∈ V can be written as v = γv0, with γ ∈ U (ĝe).

Definition (Garland)
Consider two vectors v1 = γ1v0 and v2 = γ2v0 in V . We set

⟨v1, v2⟩ = Pλ

(
γ∗
2γ1v0

)
where Pλ is the projection onto the 1-dimensional highest weight space Vλ parallel to
the sum of the other weight spaces. The different weight spaces are pairwise orthogonal,
and their (direct) sum is V .

v0 ∈ Vλ
×

×
ξ−av0

Vλ−a

Let us take an example. We have

ξ−av0 ∈ Vλ−a,

and ξ∗−a = ξa, which gives

ξ∗−aξ−av0 ∈ Vλ = Rv0.
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Chevalley lattice

Definition
A Chevalley basis of U (ĝe) is a basis for which the bracket of any two elements is an
integral combination of elements in the basis.

Theorem (Garland)
There exists a Chevalley basis B of U (ĝe). Denote by UZ (ĝe) its Z-span, and set

VZ = UZ (ĝe) · v0 ⊂ V.

The basis B can be chosen so every vector in B · v0 belongs to a weight space. We set

Vµ, Z = Vµ ∩ VZ.

The lattice VZ is called a Chevalley lattice. The metric takes integral values on this lattice.
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Filtration of the lattice

Definition
Recall that we have defined the lattice of weight µ by

Vµ, Z = Vµ ∩ VZ.

we can group these lattices by levels. We define

VZ, n =
⊕

level(µ)>n

Vµ, Z and WZ, n =
⊕

level(µ)=n

Vµ, Z.

The following observation will be useful later. We have an identification

VZ/VZ, n ≃
⊕
k⩽n

WZ, k,

which is compatible with the metric.
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Some important subgroups

Definition

The subgroup Γ̂ of Ĝ is defined by

Γ̂ =
{
g ∈ Ĝ, g · VZ = VZ

}
.

The subgroup K̂ of Ĝ is defined by

K̂ =
{
g ∈ Ĝ, ∀u, v ∈ V, ⟨g · u, g · v⟩ = ⟨u, v⟩

}
.

The subgroups B̂+ and B̂− of Ĝ are defined respectively as certain upper and lower
triangular transformations of V , with respect to the weight spaces ordered by depth.
▶ For any u ∈ B̂− and any v ∈ Vµ, the vector u (v) = βv + w, where w has no

component of depth ⩽ depthµ.
▶ For any u ∈ B̂+ and any v ∈ Vµ, the vector u (v) = βv + w, where w has no

component of depth ⩾ depthµ
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The subgroups B̂+ and B̂− of Ĝ are defined respectively as certain upper and lower
triangular transformations of V , with respect to the weight spaces ordered by depth.
▶ For any u ∈ B̂− and any v ∈ Vµ, the vector u (v) = βv + w, where w has no

component of depth ⩽ depthµ.
▶ For any u ∈ B̂+ and any v ∈ Vµ, the vector u (v) = βv + w, where w has no

component of depth ⩾ depthµ

Mathieu DUTOUR | Theta-finite pro-Hermitian vector bundles from loop groups elements | 24 / 40



Contents

1. Introduction

2. Finite dimension : Lie groups and Lie algebras

3. Infinite dimension : loop algebras and loop groups

4. Metric and Chevalley lattice

5. Pro-Hermitian vector bundles and theta invariants
5.1 The finite rank case
5.2 Ind-Hermitian vector bundles
5.3 Pro-Hermitian vector bundles
5.4 Relation between these constructions

6. Building pro-Hermitian vector bundles from loop groups elements

7. Future work

Mathieu DUTOUR | Theta-finite pro-Hermitian vector bundles from loop groups elements | 25 / 40



Hermitian vector bundles over SpecZ

The notion of Hermitian vector bundles over SpecZ is equivalent to that of Euclidean
lattices, i.e. of free Z-modules E of finite rank with a Euclidean norm on ER = E ⊗Z R.

Definition
For any Euclidean lattice E, we define the theta invariant

h0
ϑ (E) = log

∑
v∈E

e−π∥v∥2 .

This invariant and that of its dual E∨ = Hom(E,Z) are related by the following result.

Theorem (Riemann–Roch formula)
We have

h0
ϑ (E)− h0

ϑ (E∨) = d̂egE = − log covolE,

where the covolume of a lattice is the square root of the determinant of the Gram matrix
of any of its bases.
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Ind-Hermitian vector bundles

Let us try to generalize to an infinite-rank setting.

Definition
Consider an admissible inductive system

F0
j0
↪−→ F1

j1
↪−→ . . .

jn−1
↪−→ Fn

jn
↪−→ . . .

of finite rank Euclidean lattices, meaning that every jn is injective and induces an iso-
metry onto its image. The inductive limit

F = lim−→
n

Fn

endowed with the norm coming from the inductive system is called an ind-Hermitian
vector bundle over SpecZ, or alternatively an ind-Euclidean lattice.

The inductive limit is always countable.
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Theta invariant of an ind-Hermitian vector bundle

We can generalize the theta invariant to the first type of infinite-rank lattice.

Definition
Consider an ind-Hermitian vector bundle F as before. We set

h0
ϑ (F ) = log

∑
v∈F

e−π∥v∥2 = lim
n→+∞

h0
ϑ (Fn) ,

which may equal +∞.
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Pro-Hermitian vector bundles

There is another, more complicated generalization to the infinite-rank setting.

Definition
Consider an admissible projective system

E0
q1
↞− E1

q2
↞− . . .

qn
↞− En

qn−1
↞− . . .

of finite rank Euclidean lattices, meaning that every qn is surjective and induces an
isometry En/ ker qn ≃ En−1. The projective limit

E = lim←−
n

En

endowed with the norm coming from the projective system is called a pro-Hermitian
vector bundle over SpecZ, or alternatively a pro-Euclidean lattice.

It should be noted that a projective limit is (in general) uncountable.
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Theta invariant of a pro-Hermitian vector bundle

Theta invariants for pro-Hermitian vector bundles are much more complicated.

One can-
not sum over a projective limit, as they are, in general, uncountable. The definition

h0
ϑ (E) = lim

n→+∞
h0
ϑ (En)

for a pro-Hermitian vector bundle E coming from a projective system as before does not
make sense a priori, as a pro-Hermitian vector bundle can come from different projective
systems, and the limits need not agree.

Theorem (Bost)
For any projective system satisfying the strong summability condition

+∞∑
n=1

h0
ϑ (ker qn ⊗O (ε)) < +∞ for some ε > 0,

meaning where the norm are multiplied with e−ε, the definition

h0
ϑ (E) = lim

n→+∞
h0
ϑ (En)

makes sense and gives a meaningful invariant.
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Theta-finite pro-Hermitian vector bundles

A pro-Hermitian vector bundle is said to be theta-finite if it come from a projective system
satisfying the strong summability condition

+∞∑
n=1

h0
ϑ (ker qn ⊗O (ε)) < +∞ for every ε > 0.

In that case, one defines the theta function of E as

ϑE (t) = exp
(
h0
ϑ

(
E ⊗O

(
− 1

2
log t

)))
for every t > 0.

A particular example of pro-Hermitian vector bundles has been found and studied by
Bost. They are obtained as the L2-sections of (finite rank) Hermitian vector bundles on
smooth formal-analytic surfaces over SpecOK , where K is a number field. The only
requirement is a pseudo-concavity hypothesis.
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Duality

Ind and pro-Hermitian vector bundles are related to one another by duality.

Theorem (Bost)
Given any admissible inductive system

F0
j0
↪−→ F1

j1
↪−→ . . .

jn−1
↪−→ Fn

jn
↪−→ . . .

of finite rank Euclidean lattices, the dual system

F∨
0

j∨0
↞− F∨

1

j∨1
↞− . . .

j∨n−1
↞− F∨

n

j∨n
↞− . . .

is admissible projective. Conversely, taking the dual of an admissible projective system
yields an admissible inductive system.

There is no Riemann–Roch type theorem linking the h0
ϑ-invariant of an ind-Hermitian

vector bundle to that of its dual, which is pro-Hermitian vector bundle.
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Theta-finite pro-Hermitian vector bundles and loop groups

How can we produce pro-Hermitian vector bundles from loop groups elements?

We start with an element gη (τ) ∈ Ĝη (τ), and define the twisted metric

⟨·, ·⟩gη(τ) = ⟨gη (τ) ·, gη (τ) ·⟩ on VR.

Theorem (D.-Patnaik, 2022)

Assume we have g ∈ B̂− and τ < 1. The projective system

VZ/VZ,0
q1
↞− VZ/VZ,1

q2
↞− . . .

qn
↞− VZ/VZ,n

qn−1
↞− . . .

satisfies the strongly summability condition, and the projective limit induces a theta-finite
pro-Hermitian vector bundle over SpecZ. The invariant

h0
ϑ

(
lim←−
n

VZ/VZ,n

)
= lim

n→+∞
h0
ϑ

(
VZ/VZ,n

)
is therefore well-defined.
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Why is this pro-Hermitian vector bundle interesting?

The hypothesis τ < 1 is the same as the “pseudo-concavity” hypothesis on a natural
formal-analytic surface.

If the pro-Hermitian vector bundle

lim←−
n

VZ/VZ,n

could be realized as the sections of a finite rank Hermitian vector bundle on such a
surface, it is likely that the dimensions in the projective system

VZ/VZ,0
q1
↞− VZ/VZ,1

q2
↞− . . .

qn
↞− VZ/VZ,n

qn−1
↞− . . .

would grow linearly in n. The growth is sub-exponential, as exp
(
A
√
n
)
, with A > 0.

This example therefore seems to be different from those studied by Bost.
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Elements of the proof (1)

Let us go through some parts of the proof of the theorem.

For any n ⩾ 0, we have

VZ/VZ, n ≃
⊕
k⩽n

WZ, k.

However, unlike before, this identification is not compatible with the twisted metrics. This
is due to the fact that g contains (in general) a unipotent component, which does not
preserve the orthogonality of the weight spaces.

The hypothesis g ∈ B̂− is important here. Up to a toral component, we can find an
Iwahori–Matsumoto type factorization in the completion of the negative unipotent

g =
∏
k⩾0

u− (k) .

We then have ∥∥u−v
∥∥ =

∥∥u− (0) v
∥∥ on ker qn,

and the remaining component u− (0) can be taken care of using a lower bound. This
allows us to get rid of the unipotent part of g, which was the most problematic.
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Elements of the proof (2)

Once the unipotent component of g is dealt with, only its toral part h remains. The rest
of the argument goes roughly as follows :

1. We can take care of the element hη (τ) in an explicit way, since it acts as a scalar
on each weight space. A factor τ−n can be extracted from each norm on ker qn.

2. The rank of the lattice VZ/VZ, n grows as eA
√

n, with A > 0. This estimate is found
in the work of Kac–Peterson, and is based on the Weyl–Kac character formula.

3. An estimate due to Groenewegen is used to relate the theta invariant to the shortest
length of a non-zero vector in a lattice.

4. Finally, we note that, for τ < 1, the factor τn decays much quicker than eA
√
n

grows. This allows us to verify the strong summability condition for every ε > 0.
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Future work (1)

There are many questions still to be studied in relation with loop groups and Arakelov
geometry. Here are some of them :

1. Deal with more general number fields. Everything should work in the same way, at
least for totally real number fields.

2. The adjoint representation would be simpler to study. However, it may not provide a
new type of pro-Hermitian vector bundles as those studied by Bost. Either the loop
groups seen above or an “adjoint version” of loop groups could be used.

3. Is the hypothesis g ∈ B̂− truly restrictive? Ideally, the theta invariant would be
defined for all g ∈ Ĝ, and would be K̂-invariant on the left, as well as Γ̂ ∩ B̂−-
invariant on the right. If we can always find a representative in B̂− modulo these
groups, the hypothesis is not restrictive.
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Future work (2)

There are many questions still to be studied in relation with loop groups and Arakelov
geometry. Here are some of them :

4. Given the hypothesis τ < 1, a Riemann–Roch type formula linking the theta inva-
riants of the pro-Hermitian vector bundle to that of its dual, which is an ind-Hermitian
vector bundle, cannot directly be obtained.

There may be, in this or related situa-
tions, a meaningful regularization to be obtained.

5. It is thought that working with the adjoint representation could provide a way to
define and study the negative loop Eisenstein series.

6. Another question, which may not be directly related to theta invariants, would be to
obtain an arithmetic Riemann–Roch theorem linking the determinant line bundle
defined by Pressley–Segal to some arithmetic intersection numbers defined by
Bost and Charles on formal-analytic surfaces.
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