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Twin prime conjecture

@ A twin prime is a prime number that is either two less or two more
than another prime number.
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Twin prime conjecture

@ A twin prime is a prime number that is either two less or two more
than another prime number.

e For example, either member of the twin prime pairs (3,5), (11,13),
and (41, 43).
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Twin prime conjecture

@ A twin prime is a prime number that is either two less or two more
than another prime number.

e For example, either member of the twin prime pairs (3,5), (11,13),
and (41, 43).

Conjecture 0.1
There are infinitely many twin primes or pairs of primes that differ by 2. J
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Hardy-Littlewood k-tuple conjecture

@ Let aj, -, ax be distinct integers, and b(p) be the number of
distinct residue classes (mod p) represented by a;, 1 </ < k.
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Hardy-Littlewood k-tuple conjecture

@ Let aj, -, ax be distinct integers, and b(p) be the number of
distinct residue classes (mod p) represented by a;, 1 </ < k.

e If b(p) < p for every prime p, then

#{n <x:n+a; are primes V1l < i< k} ~ &(ay,..., ak)( x

(log x)k”
&(ar, . an) =[] < - @) (1 - %) _k,

p

where

and the product is over all primes p.
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Equivalent form of k-tuple conjecture

@ The prime k-tuple conjecture is equivalent to show

D> A+ a1)---Nn+a) ~ 6(ar, ..., ak)x,

n<x

where “A” is the von Mangoldt function.

[ logp ifn= pX,
Aln) = { 0 otherwise.
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Equivalent form of k-tuple conjecture

@ The prime k-tuple conjecture is equivalent to show

ZA(n—i— ar)---N(n+ ax) ~ S(ay, ...

n<x

where “A” is the von Mangoldt function.

[ logp ifn= pX,
Aln) = { 0 otherwise.

@ One can show

Z/\(n+31) A(n+ ag) Z¢n+al A(n+ap)---

n-r—a
n<x a1
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Ramanujan sums

@ Hardy's formula

n)/\(n) Z u_
o(q
=1
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Ramanujan sums
@ Hardy's formula

/\(n i

q=1

*3&‘1:

@ cq(n) is called the Ramanujan sums and it is defined as:

g—1

Jn q
cq(n) == E el— | = E du (=),
; q d
) j=0 d|n
where e(x) = ™,
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Ramanujan sums
@ Hardy's formula

/\(n i

q=1

*&“Q

@ cq(n) is called the Ramanujan sums and it is defined as:

g—1 .
cq(n) == Z e (%7) => du (g) ;
G a

where e(x) = ™.

@ Observe that c4(0) = ¢(q) and ¢4(1) = 1(q).
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Ramanujan sums

@ Hardy's formula

q=1

*&“Q

@ cq(n) is called the Ramanujan sums and it is defined as:

g—1

cq(n) == Z e (%7) => du (g) ;
G e

where e(x) = ™.
@ Observe that ¢4(0) = ¢(q) and c4(1)
o If (g1,q2) =1, then

= 1(q).

CQ1q2(n) = Cq (n)CQ2(n)'
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Heuristic derivation of k-tuple conjecture

o Heuristically,

1(qr) - - p(qx)
Z ¢(q1 - d(qk) Zcql +a1)- - cqn+ak)

~ @5(817 ceey ak)x.

n<x

Shivani Goel (IIITD) The Hardy-Littlewood prime tuple conjecture, 6/16



Heuristic derivation of k-tuple conjecture

o Heuristically,

w(q1) - - pla) M(qk
Z ¢(Q1 Zcql +al)' ‘qu(n+ak)

~ 6(31, ceey ak)x.

n<x

o It is equivalent to show

1(q1) - u(qk
lim — _— Cq(n+a1) - cq.(n+ ax
X—00 X Z ¢(q1 ; q1 qk( )

= 6(31,...,ak). (1)
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Orthogonality property of Ramanujan sums

Theorem 0.1 (Carmichael, 1932)

Z cr(n)cs(n+ h) =

{ S’(h)

ifr=s,

otherwise.
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Orthogonality property of Ramanujan sums

Theorem 0.1 (Carmichael, 1932)

lim lzcr(n)cs(n+h):{ c(h) ifr=s,

X—300 X 0 otherwise.
n<x

Proof.
We have

Z c,(n)cs(n + h) _ e27rihb/s Z e27rin(a/r+b/s).

n<x (,1)=1 (bs)=1 n<x

The innermost sum is bounded unless a/r + b/s is an integer. 0l
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Orthogonality property of Ramanujan sums

Theorem 0.1 (Carmichael, 1932)

lim lzcr(n)cs(n+h):{ c(h) ifr=s,

X—00 X 0 otherwise.
n<x

Proof.
We have

Z c,(n)cs(n + h) _ e27rihb/s Z e27rin(a/r+b/s).

n<x (,1)=1 (bs)=1 n<x

The innermost sum is bounded unless a/r + b/s is an integer. 0l

In 1999, Gadiyar and Padma discovered a simple heuristic to derive the
case k = 2.
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Triple convolution of Ramanujan sums

Theorem 0.2 (Chaubey, G., Murty, 2023)

Let r,s,t be squarefree with (a,r) = (b,s) = (c,t) = 1. Then,

.1 .
XIl_}moo > Z ¢ (n+ k)es(n+ h)ee(n+J)

_ Ha(h—k,j— K)eu(h—)ev(j — K)ew(h — k),

where r = AUV, s = AUW, and t = AVW with A, U, V, W all mutually
coprime and cy, ¢y, cw are Ramanujan sums and

e%/r(h,j) — Z e27ri(hb+jc)/r.

(byr)=(c,r)=1
(b+c,r)=1
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Triple convolution of Ramanujan sums

Theorem 0.2 (Chaubey, G., Murty, 2023)

Let r,s,t be squarefree with (a,r) = (b,s) = (c,t) = 1. Then,

.1 .
XI|_>moo > Z ¢ (n+ k)es(n+ h)ee(n+J)

n<x

= <fffA(h — k,j — k)Cu(h —j)C\/(j — k)Cw(h — k),

where r = AUV, s = AUW, and t = AVW with A, U, V, W all mutually
coprime and cy, ¢y, cw are Ramanujan sums and

e%/r(h,j) — Z e27ri(hb+jc)/r.

(byr)=(c,r)=1
(b+c,r)=1

Using Theorem 0.2, we derive a heuristic proof for the case k = 3.
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Two variable variant of Ramanujan sums
o Define

Hhgy= Y e @
(b,r)=(e,r)=1
(b+c,r)=1
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Two variable variant of Ramanujan sums

o Define . .
Hhjy= Y @riteeR 2)
(b,r)=(c,r)=1
(b+c,r)=1
e If (m,n) =1, then

<%/mn(hv.j) = %m(hhl)dlli/n(ha./)
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Two variable variant of Ramanujan sums

@ Define . .
b )= Y emmilhbr

(b,r)=(c,r)=1
(b+c,r)=1

e If (m,n) =1, then
Ji/mn(hy./') = %m(ha./)%(hvf)

@ We have the following orthogonality property

lim —Z% (h))Ks(h.j) = f(r)dr.s.

X—00 y
y—00 h<x
i<y
where ¢, s is the Kronecker delta function and

fn= > L

(b,r)=(c,r)=1
(b+-c,r)=1
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Higher convolutions of Ramanujan sums
@ Assume that

n<x

o1
f(ql) ) CIk) = XII_ET;O ; Z qu(n + al) U qu(n + ak)‘
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Higher convolutions of Ramanujan sums

@ Assume that

1
Flq, -, ) = Jim ~ > ca(ntar)- - cq(n+ a).

n<x

@ From definition, we have

- 1 01 qk
flqu, - k) = X|I_>moo X Z dijt (d_1> e dip (d—k> Z 1

dilqu,...,dk|qk n<x
dilai+n, - di|ak+n
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Higher convolutions of Ramanujan sums

@ Assume that

1
Flq, -, ) = Jim ~ > ca(ntar)- - cq(n+ a).

n<x

@ From definition, we have

- 1 01 qk
flqu, - k) = X|I_>moo X Z dijt (d_1> e dip (d—k> Z 1

dilqu,...,dk|qk n<x
dilai+n, - di|ak+n

n<x
n=—a; mod d;

n=—a, mod dx
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Generalized Chinese Remainder Theorem

Lemma 1
For a fixed set T ={a1, -+ ,ax} and d1,--- ,dx € Z, the system
X = a1 mod d1
: (3)
X = ag mod dy

has a solution if and only if (d;, d;)|(aj — aj) for all 1 < i,j < k. When the
solution exists, it is unique modulo [dy, - - - , dk].

v
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Generalized Chinese Remainder Theorem

Lemma 1
For a fixed set T ={a1, -+ ,ax} and d1,--- ,dx € Z, the system
X = a1 mod d1
: (3)
X = ag mod dy

has a solution if and only if (d;, d;)|(aj — aj) for all 1 < i,j < k. When the
solution exists, it is unique modulo [dy, - - - , dk].

v

From now on, we will fix T and define a function

1 if (3) has a solution,

g(dr, - di) := { 0 otherwise. )
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Higher convolutions of Ramanujan sums

Theorem 0.3 (G., Murty, 2024)

For fixed integers a1,--- ,ax and qi1,--- , qx, we have

fla, ) = D dlﬂ(dl) dk“(dk) [dh, ]

d1|qu,.--,dk|qk
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Higher convolutions of Ramanujan sums

Theorem 0.3 (G., Murty, 2024)
For fixed integers a1,--- ,ax and qi1,--- , qx, we have
q1 qr \ g(di, ..., dk)
f(q1, ... = d ). g b ©\Ea 000 ey
d1lqr,...,dk|qk |

@ Since g(d, ..., dx) is multiplicative, we see that f(ny, ..., ng) is
multiplicative.
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Multiplicative functions of several variables

@ The theory of arithmetical functions of several variables was initiated
by Vaidyanathswamy in 1927.
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Multiplicative functions of several variables

@ The theory of arithmetical functions of several variables was initiated
by Vaidyanathswamy in 1927.

@ An arithmetical function of several variables is a map f : Nk — C. We
say f is multiplicative if

fF(my, .., m)f(ny, ... ni) = F(myng, ..., mieny)

provided (myq---my,ny---ng) = 1.
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Multiplicative functions of several variables

@ The theory of arithmetical functions of several variables was initiated
by Vaidyanathswamy in 1927.

@ An arithmetical function of several variables is a map f : Nk — C. We
say f is multiplicative if

f(ml, ceey mk)f(nl, ceey nk) = f(mlnl, ceey mknk)

provided (myq---my,ny---ng) = 1.

@ For multiplicative functions f, we have a formal Dirichlet series along
with an Euler product:

o0

o0
Z f(n17...,nk) _H Z f(pvl,...,pvk)
SLo..pk VISL ... pVkSk
n n
n=1 1 k p \vi,ve=0 P P
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Estimation of f(p", ..., p%)

Lemma 2

ForO0<v; <1 forl <i<k, we have
, , 1||
F(p¥, ... p%) = (1) + ) Z[

where S = {i : v; = 1}.

p)lans _

1]
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Estimation of f(p", ..., p%)

Lemma 2

ForO0<v; <1 forl <i<k, we have

(P11, p™) = (~1)/°1 + )"Z[ p)InS! — 1]

where S = {i : v; = 1}.

o

We define an equivalence relation on {1,2, ..., k} using T. We say i ~ j if
and only if a; = a; (mod p). This partitions T into equivalence classes C;.
Note that b(p) is the number of equivalence classes.
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Heuristic proof of k-tuple conjecture

From Lemma 2, we have

P p(P™) cn
Zv:k>0 pv)-- - o(p¥r) (p™, . p")

Vi

L ”EP:X o 107 2l =)
V1.,V >0

6D

This gives a heuristic proof of k-tuple conjecture.
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Thank You!

o = = £ DA
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