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Motivation and Background

@ The Prime Number Theorem states that

Z/\(n)wx, as X — 00,

n<x

where A(n) denotes the Von-Mangoldt function.
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Motivation and Background

@ The Prime Number Theorem states that

Z/\(n)wx, as X — 00,

n<x
where A(n) denotes the Von-Mangoldt function.

@ Explicit formula :
xP (0 1 1
SAm =x— 3 _%_2|og(1_xz).

n<x =0 P

@ The Prime Number theorem follows from the fact that {(1 + it) # 0, t € R.
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Motivation and Background

@ Dirichlet (1837) introduced characters x(modD) to prove there are infinitely
many primes p = a (mod D), (a, D) = 1. One key step in the proof is to show
that L(1, x) # 0 for each non-principal character x(modD).
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Motivation and Background

@ Dirichlet (1837) introduced characters x(modD) to prove there are infinitely
many primes p = a (mod D), (a, D) = 1. One key step in the proof is to show
that L(1, x) # 0 for each non-principal character x(modD).

o Fairly easy to show that L(1,x) # 0 if x is complex (so that ¥ # x ), but the
non-vanishing of L(1,x) for real characters x is more subtle.

@ To this end, Dirichlet developed his class number formula

wh(—D)

, D>4.
vD

L (17 XD) =
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Motivation and Background

@ Class number formula relates special value of L-function to class number of

Q(V-D).
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Motivation and Background

@ Class number formula relates special value of L-function to class number of

Q(v-D).
@ Class number h(—D) is order of a finite group, hence is a positive integer, so
L(1,xp) > D72,

with effective constant.
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Motivation and Background

@ Class number formula relates special value of L-function to class number of

Q(v-D).
@ Class number h(—D) is order of a finite group, hence is a positive integer, so
L(1,xp) > D72,

with effective constant.

@ For some applications, lower bound L(1,x) 3> D~'/2 is not strong enough.
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Motivation and Background

@ Assuming GRH:
1

loglog D > L(1 . —
oglog D > (,x)>>|og|OgD
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@ Assuming GRH:
1

loglog D > L(1 . —
oglog D > (,x)>>|og|OgD

e Unconditionally, can show L(1, x) < log D, but lower bounds are more
difficult to obtain.
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Motivation and Background

@ Assuming GRH:
1

loglog D > L(1 . —
oglog D > (,x)>>|og|OgD

e Unconditionally, can show L(1, x) < log D, but lower bounds are more
difficult to obtain.

@ Not able to rule out a real zero 5 of L(s,x) with 3 close to s = 1. Such a
real zero (3 is a Landau-Siegel zero.
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Motivation and Background

o Classical zero-free region shows L(s, x) has at most one real zero /3 in region

B log(g(3 + | Im(s)]))

Re(s) > 1
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Motivation and Background

o Classical zero-free region shows L(s, x) has at most one real zero /3 in region

B log(g(3 + | Im(s)]))

Re(s) > 1

@ We say x is an exceptional character, or that x has a Landau-Siegel zero, if
L(B,x) =0 for some § >1—c/logg.
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Motivation and Background

o Classical zero-free region shows L(s, x) has at most one real zero /3 in region

B log(g(3 + | Im(s)]))

Re(s) > 1

@ We say x is an exceptional character, or that x has a Landau-Siegel zero, if
L(B,x) =0 for some § >1—c/logg.

@ We do not make constant ¢ > 0 explicit, but it is fixed and effective.
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Motivation and Background

e Landau (1935) showed

c(e)
ﬂ - q3/8+5'
o Siegel (1935) improved this to
c(e)
g<1-— et
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Motivation and Background

e Landau (1935) showed

o Siegel (1935) improved this to

g<1- <6

@ Unfortunately, the proofs, in principle, doesn't allow for a determination of
the constant in terms of €.
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Refinements of Siegel's Theorem

@ Define
S = {x(modq) : x primitive and real }.
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Refinements of Siegel's Theorem

@ Define
S = {x(modq) : x primitive and real }.

o Tatuzawa's (1952) refinement of Siegel's theorem says that for all
0 < e < 1/2, there is an effectively computable constant go = go(c) > 0 such
that for y € S,
€
5 S 1- Ev

for all g > qo except at most one exceptional .
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Refinements of Siegel's Theorem

@ Define
S = {x(modq) : x primitive and real }.

o Tatuzawa's (1952) refinement of Siegel's theorem says that for all
0 < e < 1/2, there is an effectively computable constant go = go(c) > 0 such
that for y € S,
€
5 S 1- Ev

for all g > qo except at most one exceptional .

o Further numerical refinements of Tatuzawa's result due to Hoffstein (1980),
Ji-Lu (2004) and Chen (2007).
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Refinements of Siegel's Theorem

@ Sarnak and Zaharescu (2002) improved Tatuzawa's theorem assuming that if
x € S, all non-real zeros of L(s,x) lie on the 1/2-line.
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Refinements of Siegel's Theorem

@ Sarnak and Zaharescu (2002) improved Tatuzawa's theorem assuming that if
x € S, all non-real zeros of L(s,x) lie on the 1/2-line.

@ Subject to this hypothesis, they showed that for any € > 0, there exists an
effectively computable constant go = go(¢) > 0 such that for x € S,

1

1 —
= (log )=’

for all g > qg except at most one exceptional .
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Refinements of Siegel's Theorem

@ Sarnak and Zaharescu (2002) improved Tatuzawa's theorem assuming that if
x € S, all non-real zeros of L(s,x) lie on the 1/2-line.

@ Subject to this hypothesis, they showed that for any € > 0, there exists an
effectively computable constant go = go(¢) > 0 such that for x € S,

1

1 —
= (log )=’

for all g > qg except at most one exceptional .
@ In particular, they “exponentiate” the quality of the zero free region at the

cost of a hypothesis that, while assuming the generalized Riemann hypothesis
for the non-real zeros, still permits the existence of Landau-Siegel zeros.
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New Results

@ We prove that the conclusion of Sarnak and Zaharescu holds under a
significantly weaker hypothesis.
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significantly weaker hypothesis. Fix 0 < ¢ < 1/10.

Hypothesis (Hs)
If x € S, then all the zeros of L(s,x) in the disk |z — 1| < ¢ are real.
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New Results

@ We prove that the conclusion of Sarnak and Zaharescu holds under a
significantly weaker hypothesis. Fix 0 < ¢ < 1/10.

Hypothesis (Hs)
If x € S, then all the zeros of L(s,x) in the disk |z — 1| < ¢ are real.

Theorem (B.-Thorner-Zaharescu)

Fix 0 < § < 1/10. Assume that Hj is true. For any € > 0, there exists an
effectively computable constant go = qo(9,€) > 0 such that for x € S,

1 ——
= (log q)°’

for all g > go except at most one exceptional .
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New Results

@ Almost all x € S satisfy Hypothesis Hs. This follows from existing zero
density estimates.
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New Results

@ Almost all x € S satisfy Hypothesis Hs. This follows from existing zero
density estimates.

@ In contrast, the hypothesis assumed by Sarnak and Zaharescu has not been
verified for any x € S.

@ Our proof relies on a key refinement of Turdn’s power sum method.

Corollary (B.-Thorner-Zaharescu)

Fix 0 < § < 1/10. Assume that Hj is true. Then for all € > 0, there exists an
ineffective constant ¢(d, ) > 0 such that if x € S and

_c(s,¢)
(log )¢’

8>1

then L(8, x) # 0.
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Thank you for your attention!
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